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f^^ ' Abstract. Following ideas of Bondarko, we construct a DG category whose 

^\J ^ homotopy category is equivalent to the full subcategory of motives over a base- 

scheme S generated by the motives of smooth projective S-schemes, assuming 
that S is itself smooth over a perfect field. 
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Introduction 

Recently, Bondarko [3] has given a construction of a DG category of motives over 
a field k, built out of "higher finite correspondences" between smooth projective 
varieties over k. Assuming resolution of singularities, the homotopy category of this 
DG category is equivalent to Voevodsky's category of effective geometric motives. 
The main goal in this paper is to extend this construction to the case of motives over 
a base-scheme 5*. For simplicity, we restrict to the case of a regular 5*, essentially 
of finite type over a field, although many aspects of the construction should be 
possible in a more general setting. 

If S has positive Krull dimension, one would not expect that the motive of an 
arbitrary smooth S'-scheme be expressible in terms of motives of smooth projective 
S'-schemes. Thus, the category of motives we construct represents a special type of 
motive over S. Since the Betti realization of our motives will land in the derived 
category of local systems on S^'^ rather than in the derived category of constructible 
sheaves, we call our category SmMot'^ (S) the category of smooth effective motives 
over S. We have as well a version with the Tate motive inverted, SmMot{S). Both 
SmMot° (S) and SmMot{S) are constructed by taking the homotopy category of 
suitable DG categories, and then taking an idempotent completion. 

We were not able to construct directly a tensor structure on SmMot^ {S) 
or SmMot{S). However, after passing to Q-coefficients, we replace our cubical 
construction with alternating cubes, which makes possible a tensor structure on 
DG categories whose homotopy categories are equivalent to SmMot^ iS)q and 
SmMot{S)Q (up to idempotent completion). 

Our main comparison result involves the categories of motives DM"^ (S) and 
DM{S) constructed by Cisinski-Deglise. We construct exact functors 

pf : SmMof^{S) -^ DM^^iS); ps : SmMot{S) -^ DM{S) 

and we show 

Theorem 1. Let k he a field. Suppose that S is a sm,ooth k-scheme, essentially of 
finite type over k. Then ps is a fully faithful embedding. 

This of course implies that pc? is a faithful embedding, but due to the lack of a 
cancellation theorem in DM'^ [S), we do not know if p^^ is full. 
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Our main technical tool is an extension of the Fricdlander-Lawson-Voevodsky 
moving lemmas to the case of cycles on a smooth projective scheme over a regular 
semi-local base scheme _B, with Ob containing a field. This enables us to extend 
the fundamental duality theorem for equi-dimensional cycles on smooth projective 
varieties to smooth projective schemes over a regular semi- local base (over a field). 
We pass from the semi-local case to an arbitrary regular base (over a field) by 
making a Zariski sheafification; we were not able to extend the available techniques 
beyond the semi- local case, so the Zariski sheafification is forced upon us. We do 
not know if the duality theorem over a general base holds before making the Zariski 
sheafification. 

As hinted above, our interest in these constructions arose from our desire to 
construct a refined realization functor on the subcategory of DM{S) generated by 
smooth projective S'-schemes. One example, given above, is that we should have a 
realization functor 

3?s : SmMot{S) -^ L>''(Loc/S"'"), 

where Loc/S"*" is the abelian category of local systems of abelian groups on S'™, 
refining the usual Betti realization of DMgm{S) into the derived category of con- 
structible sheaves. Similarly, one should have realizations of SmMot{S) to the 
derived categories of smooth Z-adic etale sheaves on 5*°* or variations of mixed 
Hodge structures on 5*^". By our main theorem, we can view the triangulated cat- 
egory DTM(5) of mixed Tate motives over S as the full subcategory of SmMot{S) 
generated by the Tate twists of the motive of S. Our construction of SmMot{S) 
as the homotopy of a DG category (after taking an idempotent completion) gives 
a similar DG description of DTM(5). Thus, we can hope to refine the realization 
functors for SmM ot{S) even further if we restrict to DTM(S'). This should give us 
a Betti realization functor on DTM(S') to the derived category of uni-potent local 
systems on 5™, an etale realization functor to relatively uni-potent etale sheaves 
on S'*'* and a Hodge realization to uni-potent variations of mixed Hodge structures 
on S^"^. The paper of Deligne-Goncharov [5] and our work with Esnault [7], giving 
constructions of the mixed Tate fundamental group for some types of schemes S, 
gave us the motivation for the construction of categories of smooth motives and 
refined realization functors. As this paper is long enough already, we will postpone 
the construction of these realization functors to a future work. 

The paper is organized as follows. We begin with a resume of the cubical cate- 
gory and cubical constructions. This is a more convenient setting for constructing 
commutative DG structures than the simplicial one; we took the opportunity here 
of collecting a number of useful results on cubical constructions that are scattered 
throughout the literature. We also discuss a useful refinement of cubical struc- 
tures involving the extended cubical category. This variation on the cubical theme 
adds the cubical analog of the simplicial degeneracy maps; many of the most useful 
results on cubical objects that arise in nature actually use the extended cubical 
structure, so we thought it would be useful to give an abstract discussion. 

The next section deals with various versions of Kapranov's construction of com- 
plexes over a DG category and the associated triangulated homotopy category. As 
detailed verifications of the fundamental properties of these constructions are not 
available in the literature, we thought it would be a good idea to give a complete 
treatment of this useful construction, with the hope that our total signed contribu- 
tion to the current level of sign errors would be negative. 
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In section §4 we apply this niachincry to the category of correspondences, en- 
dowed with the algebraic n-cubes as a cubical object. This leads to our con- 
struction of the DG category of higher correspondences, dgCorg, the full DG 
subcategory dgPrCorg of correspondences on smooth projective §-scheme, the 
Zariski sheafified version RT{S, dgPrCor ), the DG category of motivic complexes 

dgSmMoff := C^{RI'{S,dgPrCor )), and finally the triangulated category of 

smooth effective motives over S , SmMot'^ {S)s, defined by taking the idempotcnt 
completion of the homotopy category K''{RT{S, dgPrCor )). We also define the Q- 

version with alternating cubes, dgSmMot°gQ, which is a DG tensor category, leading 
to the triangulated tensor category SmMot {S)(q. Finally, we consider versions of 
these categories, dgSmMotg, dgSmMotgq, SmMot{S) and SmMot{S)Q, formed 
by inverting the Lefschetz motive. 

In §5 we state our main duality theorem for equi-dimensional cycles over a 
semi-local base (theorem 5.4), as well as the the projective bundle formula (theo- 
rem 5.5). We derive the consequences of these results for duality in the categories 
SmMot° (S) and SmMot{S). In §7, wc briefly recall some aspects of the definition 
of the Cisinski-Deglise categories of motives over a base, DM (S) and DM{S), 
define exact functors 

pf : SmMof^iS) -^ D1VP^{S) 
PS : SmMot{S) -^ DM{S), 

and prove our main result (corollary 7.13). Finally, in section §6 we prove our 
extension of the Friedlander-Lawson-Voevodsky moving lemmas and give the proofs 
of theorems 5.4 and 5.5. 



1. Cubical objects and DG categories 

1.1. Cubical objects. We recall some notions discussed in e.g. [14]. We intro- 
duce the "cubical category" Cube. This is the subcategory of Sets with objects 
n := {0, 1}", n = 0, 1, 2, . . ., and morphisms generated by 

1. Inclusions: ?7n,i.e '■ R ^ n + 1 , e = 0, 1, J = 1, . . . , n + 1 

Vn,iAyi^ • • • > J/n-l) = (yi, • • • , yi-l, e, J/i, . . . , Vn-l) 

2. Projections: Pn.i ■ n -^ n — 1 , i = 1, . . . , n. 

3. Permutations of factors: (ei, . . . , e„) i-^ {^a(i), ■ • ■ , ^<7{n)) for a G Sn- 

4. Involutions: Tn,i exchanging and 1 in the ith factor of n. 

Clearly all the Hom-sets in Cube are finite. For a category A, we call a func- 
tor F : Cube"'' ^ A a cubical object of A and a functor F : Cube ^ ^ a 
CO- cubical object of A. 

Remark 1.1. The permutations and involutions in (3) and (4) give rise to a subgroup 
of Autsets(zi) isomorphic to the semi-direct product F„ := (Z/2)" k E„, where E„ 
acts on (Z/2)" by permuting the factors. 

We extend the standard sign representation of S„ to the sign representation 

sgn : Fn -^ {±1} 
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by 

sgn(ei, . . . , e„, cr) := (-l)^:-- '^■sgii(cr). 

Example 1.2. Let S he a scheme, set A^ := Specg Os[y]- We set Dg :— (A^)". 5„ 
acts on Dg by permuting the factors. We let Z/2 act on A^ by x ^^ 1 — a;. This 
gives us an action of F„ on D"S. 

Letting pn.i : (A^)" -^ Ag be the ith projection, we use the coordinate system 
{yi,--- ,yn) on Dg, with yt :=2/op„_i. 

Let ??n,i,e : Dg"^ ~^ ^s be the inclusion 

Vn,iAyi^---^yn~i) = (yi,---,yi-i,e, yi,---,2/n-i) 

This gives us the co-cubical object n i-^ D^ in Sni/5. 

A face of D^ is a subscheme F defined by equations of the form 

yn = ei,---,yje = £«; e^ e {0,1}- 

1.2. Cubical objects in a pseudo-abelian category. Let ^ be a pseudo-abelian 
category, A : Cube°P ^ ^ a cubical object. For e e {0, 1}, let tt^ ^ : A{n) -^ Aill) 
be the endomorphism p* ^ o 77* _]^ ^ ^, and set 

7r„ := (id - TT^ „) o ... o (id - 7r,\ 1). 

Note that the tt^ ^ are commuting idempotents, and that the subobject (id — 
^n i)*{A{lk)) C A(n) is a kernel for rin.i,e- Since A is pseudo-abelian, the objects 

A(n)°:=nr^ikerr;:_i_,^iC^(ri) 

and 

n 

A(n)'^^sn ^^ Yp:^iA(n-l)) C A(n) 

are well-defined. 

Let {A^, d) be the complex with A^^ := A(n) and with 

n 

dn := ^(-l)X<^,l - <^,o) ^ An+1 ^ ^„. 
i=l 

Write A^,A^''sn ^j. ^0(n),^^'=sn(^)^ respectively. 

The following result is the basis of all "cubical" constructions; the proof is ele- 
mentary and is left to the reader. 

Lemma 1.3. Let A : Cube°P —> A be a cubical object in a pseudo-abelian category 
A. Then 

1. For each n, Tin maps A^ to ^ and defines a splitting 

2.d„{A^^n^0,d„iA^)c^:,_, 

Definition 1.4. Let A : Cube°P ^ ^ be a cubical object in a pseudo-abelian 
category A. Define the complex (A* , d) to be the quotient complex 

of A,. 

Lemma 1.3 shows that A^ is well-defined and is isomorphic to the subcomplex 
id* of A^. We often use cohomological notation, with A" := j4_„, etc. 
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1.3. Products. Suppose we have two cubical objects 

A,B:Cuhe°P -^ A 
in a tensor category {A, Cg)). Form the diagonal cubical object A^ B by 

A(g) B (n) :== A{n) ® Bin) 

and on morphisms by 

A^B (,f):^A{f)®B{f). 

Let p^ ^ : n + m -^ n, Pn m ■ n + m -^ mhc the projections on the first n and 
last m factors, respectively. Let 

U^^B : A{n) (g) B{rn) -^ A( n + m ) ® B{ n + m ) 

be the map A{p\ ^) Cg) Bijy^ „). One easily checks that the direct sum of the maps 
'^A B defines a map of complexes 

(1.1) \Ja,b ■■ A* ® B* ^ A®B^ . 

It is easy to see that we have an associativity property 

(1-2) Uaob.c o (Ua,b ® idc*) == Ua,b®c o iS'^A- ® ^b,c) 

but not in general a commutativity property. 

1.4. Alternating cubes. Recall the semi-direct product Fn := (Z/2)" k S„ and 
the sign representation Sgn : F„ ^ {±1}. If ^ is a pseudo-abelian category and M 
an i<^„-module in A (i.e., we are given a homomorphism Fn -^ Aut_4(M)), we let 
j\^Sgn ^^ |--|-^^ largest subobject of M on which F„ acts by the sign representation: 

M^s" := DgeF^ kcr((g - Sgn(.g)idM). 

Similarly, if S„ acts on M, we let M'S" be the subobject of M 

M^«" :- nges„ ker((g - sgn(.g)idM). 

Let A : Cube°P — + ^ be a cubical object in a pseudo-abelian category A. For 
each n = 0,l,2,..., define the subobject A^*{n) of A{n) by 

^^'*(ri) :=A(n)''S" 
Similarly, let A^"(n) :== A(n)"sn_ 
Lemma 1.5. 1. n h^ A (n) defines a sub-cubical object of A. 

2. n h^ j4^'*(n) defines a sub-complex o/A*. 

3. Suppose 2 X id is invertible on all the objects A{n). Then the map A^ -^ A^ 
induces an isomorphism of complexes A^ -^ Af^. 

Proof. This is straightforward, noting that the degenerate subcomplex is killed by 
the idempotent 



1 

i=l 

where r, is the involution in the «th factor of n. D 
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1.5. Extended cubes. Wc note that product makes Sets a symmetric monoidal 
category, and that Cube is a symmetric monoidal subcategory. Let ECube be 
the smallest symmetric monoidal subcategory of Sets having the same objects as 
Cube, containing Cube and containing the morphism 

A^: 2->l 

defined by the multiplication of integers: 

Ai((l,l)) = l; M(a,&)-0for(a,6)^(l,l). 

An extended cubical object in a category C is a functor F : ECube°P — s- C. 

Let F_ : Cube°P ^ ^ be a cubical object in a pseudo-abelian category. Let 
NF{n) C F{n) be the subobject 

NFin) := 0^=2 ker(,y;,,o) n nJLi ker(r;;,,i)- 

This defines the normalized subcomplex NF* oi F_* . Note that NF* is a subcomplex 
ofZ(*)o. 

Lemma 1.6. Let F : ECube°^ —> A be an extended cubical object in a pseudo- 
abelian category A. Then the inclusion i : NF* -^ £(*)o ^s a homotopy equivalence. 

Proof. Let 

N'"F 



M^ ._] nlL„_M ker«,,^o) n n^i ker«_,^i) forn - M > 2 
I iVF" for n - M < 2 



For each M, the subobjects N^' F^ C £° form a subcomplex N^ F^ of F° which 
contains 7VF, and agrees with NF^, in degrees n < M + 2. Since N^^F^ — F^, it 
thus suffices to show that the inclusion 

i^ : N^'F, -^ N^-^F, 

is a homotopy equivalence, such that the chosen homotopy inverse p*^ and chosen 
homotopy h^ between i^^ o p^ and id satisfy: 

(1) p^t oi^ ^id 

(2) h^' : N^-^Fn-i -^ N^-^Fy, is the zero map forn < M 

Indeed, in this case, the infinite composition 

p:=.../^op^-lo...o/ 

makes sense, as does the infinite sum 

/i := ^ z" o . . . i^'-^ o h^'op^'-^ o . . .pO. 
M 

The map p gives a homotopy inverse to i, with pi = id and h defines a homotopy 
between ip and the identity. We proceed to define the maps p'^ and h^ . 
Define the map 5 : 2 ^ ]_ by 

q{x, y) = 1 - m(1 -x,l-y) = 1- {1- x){l - y). 

For 1 < « < n — 1, let g„.i : n -^ n — 1 be the map 
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Then 

(1-3) qn,i O VnAfi = QnA O Vn^+lfi = Jd ra-l 

_ j'nn~lj,€ O 9n-l,i-l for 1 < j < i 

[■lln-l,]-l,eOqn-l,i iOY i + 1 < j < U 

Defining (7* = for j < or j > n, this iniphes that, for i > 1, the maps 

M '1 * * 

define a map of complexes p^ : F° -^ F° which restricts to the inclusion N'^ F^ -^ 
F° on N^F^, and maps N^-^F^ to TV^^^i^,. We let 

be the restriction. 

Let h^ : £°_i ^ F° be the map (-l)""^g;,„„M-i- The relations (1.3) imply 
that h^ restricts to a map 

and, on _F„, we have 

""n.li'}^ V llj^jUn—l 

n+1 n 

= (-1)"-^+! ^(-l)^<,,o ° 'Zr.+ l.n-M - E(-l)''^",«-M-l ° <-1.^0 
_i=l (=1 

n-M-1 

n+1 

+ (-1)"-^^+^ Y. i-^y<n-M ° v:-i,,-i.o 

n 

* * 

~ Qn,n- M -lVn-l,n- M ,0 
n 

+ (-1)"-^^ Y. i-^y«n-M + C,n-M-l) ° V*n-l,j,0 

j=n-M+l 

Since 77* _i q = on N'^^^^Fn for j > n — A^ + 1, the ft,^ give the desired homotopy. 

D 

Let F_ : ECube"^ ^ ^ be an extend cubical object in an abelian category A. 
Then we have the following description of Hn{NF^): 

" * T?* fn"+lVerr7* nn'^+^Vern* 1 

From this description, we see that the symmetric group Sn acts on _ff„(7VF*) 
through the permutation action on n and the action cr i-^ id x F{a) on f ( n + 1 ). 
Via lemma 1.6, this gives us an S'„-action on Hn{F^,). 
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Proposition 1.7. F_ : ECube°'^ -^ A be an extended cubical object in an abelian 
category A. Suppose that ttie Horn-groups in A are Q-vector spaces. Then the 
inclusion 

palt pi 

is a quasi-isomorphism. 

Proof. Since the Horn-groups in A arc Q-vcctor spaces, the natural map 

is an isomorphism. Thus, we need only show that the symmetric group Sn acts on 
Hn{F^) by the sign representation. 

Fix an element in Zn(NF^,) representing a class [z] G Hn(NF^,), i.e. 

for all i and for e = 0, 1. Let t : n ^ n be the permutation exchanging the first 
two factors. Let /i„ : n + 1 ^ n be the map 

hn{xi,X2,X3, . . . , Xn+i) := {x2, q{xi, X3) , X4, . . . , a;„+i), 

and let b := h^{z). Then 

K orjn.ifi = id 

K or]n.2fi{^i,- ..,Xn)^ {0,q{xi,X2),X3,.. . , a;„) = 

K O Vn.jfi == Vn-l.j-lfi O ^n-1 for j > 4. 

Similarly, /i„ o ?7„.j^i ~ J?n-ij'.i ° .fn.j for some j' and some map /„.j : n -^ n — 1 . 
Thus 

db = z + T*{z) 
proving the result. D 

1.6. Cubical enrichments and DG categories. For a complex C E C(Ab), we 
have the group of cycles in degree n, Z^C and the cohomology H"C. For complexes 
C, C", we have the Hom-complcx Tiomc(Ah){C, C')* , with 

nomciAh){C\C'r := ^H"™Ab(C^C""+^ 
p 
with differential 



rfc',c/:=dc'0,/-(-l)^'^^/od 



c- 



We have as well as the group of maps of complexes 

Homc(Ab)(C,C") := ZOHomc(Ab)(C, C")*. 

For us a DG category is simply a category enriched in complexes of abelian 
groups, possessing finite direct sums. Concretely, for objects X,Y ina, DG category 
C, one has the Horn complex TComc{X,Y)* G C(Ab), and for X,Y,Z in C, a 
composition law 

ox,Y,z ■■ nomc{Y, Zy (g) HomciX, Y)* -^ norndX, Z). 

The map ox^y,z is a map of complexes; equivalently, we have the Leibniz rule: 
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One has associativity of composition and an identity morphism idx G Home {X, X)'^ 
with didx = 0. 

For a DG category C, one has the additive category Z'^C, with the same objects 
as C and with 

Romzoc{X,Y) := Z°Homc{X,Y). 

We also have the homotopy category H'^C, the additive category with the same 
objects as C and with 

HomHOc(X,y) := H^HorndX^Y). 

Clearly each DG functor F : C ^ C induces functors of additive categories H'^F : 
H"C -^ H^C and Z^F : H^C -^ Z^C, making H° and Z° functors from DG 
categories to additive categories. 

Definition 1.8. Let C be an additive category. A cubical enrichment of C is a 
functor 

Horn : C°P X C X Cube°P -^ Ab 
together with an associative composition law 

-x,Y.z.n,m ■ 'Hom iX, Y, n) ® Hom (Y, Z, m) -^ Hom (X, Z,n + m) 
such that 

(1) Hom{X,Y,0) =}lomciX,Y). Also, 

idxOx,y,o,m- = id; -£x,y,„,oidy = id. 

(2) The maps ox.Y,z,n.m give rise to a map of complexes 

°x,Y,z ■ nom (X, Y)* nom (Y. Z)* -^ Uom iX. Z)* 
which descends to a well-defined map of complexes 

ox.Y,z ■■ UomiX, Y)* ® HomiY, Z)* -^ Tiom^X, Z)* . 

(3) The assignment {X,Y) h^: Hom (X, Y)* defines a DG category C* and the 
identity of (1) defines a functor of DG categories C -^ C*. 

Definition 1.9. Let n h^ D" be a co-cubical object (denoted D*) of a tensor 
category (C, (8)) such that D" is the unit object with respect to 0. 
A co-multiplication S* on D* is a morphism of co-cubical objects 

r : D* ^ 0*0 0*, 

where D* eg) D* is the diagonal co-cubical object n h^ D" (g) D", which is 

(1) co-associative: (S* ® idg.) o S* ~ (id^. ® 5*) o S* . 

(2) co-unital: D" > D" ® D" — > D" = idgo where /i is the unit isomorphism 

for ®. 

(3) symmetric: Let t be the commutativity constraint in (C, 0). Then in»,n* ° 
S*^S*. 

Given a co-multiplication on a co-cubical object D*, define 

Uom iX, r, n) := Uomc{X x D", Y), 

giving us the cubical object n h^ Uom jX, Y, n) of Ab; we denote the associated 
complex by Uom jX. Y)* . The co- multiplication gives us the map of cubical objects 

ox,Y,z ■■ Uom JY, Z, *) ® Uom iX, F, *) ^ Uom iX, Z, *) 
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sending f : X (S) □" -^ Y and g :Y ® D" -^ Z to the composition 

Using the cup product map (1.1), the map ox,y,z gives rise to the map of complexes 
2.X.Y.Z ■■ Uom iY. Zy ® Uom iX. Y)* ^ Hom (X. Z)* 

by 

°X,Y,Z '■— °X,Y,Z ° ^ Hom (Y.Z). Hom (X.Y)- 

The following proposition is proved by a straightforward computation. 

Proposition 1.10. Let D* : Cube -^ C be a co-cubical object in a tensor cate- 
gory C, with a co-multiplication S. Then {X,Y,n) h-> T(.omc{X x n",y), with the 
composition law o^ y defined above, defines a cubical enrichment ofC. 

We denote the DG category formed by the cubical enrichment described above 
by (C, ®, D*, (5), or just (C, D*) when the context makes the meaning clear. 

Suppose now that, in addition to the assumptions used above, the Hom-groups 
in C are Q-vector spaces; we call such a category Q-additive. We may then define 
the alternating projection 

alt : HomciX x D", F) ^ Homc{X x D", Y^^^ 

by applying the idempotent In the rational group ring Q[-F'n] corresponding to the 
sign representation. 

Definition 1.11. Suppose that C is Q-additive. Define the sub-DG category 
{C,'Si,0*,Sy^'^ of (C,(X),n*,(5), with the same objects as (C, (g), D*, (5), and with 
complex of morphisms given by the subcomplex 

HomciX, Y,ny^^ := HomciX x n",y)^" C HomciX,Y,n). 

The composition law is defined by the composition 

HomciY, Z)^'** eg) HomciX, Y)^^'* ^ HomdX, Z)* ^ HomdX, Zf^^* 

Proposition 1.12. Let D* : Cube -^ C be a co-cubical object in a tensor category 
C, with a co-multiplication 5. Suppose that D* extends to a functor 

U* : ECube -^ C 

and that C is Q-additive. Then the natural inclusion functor 

(c,n*)^'*^ (c,n*) 

is a homotopy equivalence of DG categories, i.e., for each pair of objects X,Y E 
Obj(C,n*)^'* = Obj(C,n*), the inclusion 

HomiX,Yy^** -^ HomiX,Y)* 

is a quasi-isomorphism (see definition 2.31 for the general case). 

Proof. This follows immediately from proposition 1.7. D 
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1.7. Tensor structure. There is a natural tensor structure on the DG category 
(C, (8), □*, S)^^^, which we now describe. 

Given / : X x D" ^ y, /' : X' x D"' -^ Y', define 

f%)g ■.X(g>X'(g> n"+"' -^Y(g)Y' 

as the composition 

^""''""i X (g D" (g X' (g D"' ^^^ r (g r'. 

Assuming that C is Q-additive, we define / (gp 5 by applying the alternating pro- 
jection: 

/ ®n 5 := (./®.g) o (idjfox' (g alt„+„'). 

Proposition 1.13. Let C be a Q-tensor category, D* a co-cubical object of C and 
(5 : D ^ D (g D a co-multiplication. Then ((C, g), D*, J)**'*, (gp) is a DG tensor 
category, with commutativity constraints induced by the commutativity constraints 
in C. 

Proof. One checks easily that the integral operation (g satisfies the Leibniz rule: 

Let Sn^m ■■ □"+" ^ D" (g A" denote the composition (p"'" gjpa'") ° '5"+"- Let 
TT^j^. : D^ -^ D^ be the map induced by the alternating idempotent in Q[FAr]. 

It follows from the properties of co-associativity and symmetry of 5, together 
with the fact that (5 is a map of co-cubical objects, that 

(idnr. g) tm.n' ® idQ„>')(<5n,m ® Sn',m') ° Sn+m,n'+m' 

^ (On.n' ^ Om.m') O On+n' .m+m' ° ^(id^^ X Tm,n' X 101^' j, 

where Tm^n' '. m x it/_ ^ n^ x m is the symmetry in Cube, and t*, is the symmetry 
in C. Composing on the right with tt^^i^™^" ^"' yields the identity 

(ido" gl tm,n' <S> id^m'){Sn,m ® (^n',™') O Sn+m,n'+m' O T^Alt"^" ^" 

— I ^) \^n,n' '<y 'Jm,m' ) " "n+n',m+m' " "Alt 

The identity 

(/ ®U 9) ° (/' ®n 3') = (-l)deg9dcg/'^^, ^^ gg, 

follows directly from this. 

One shows by a similar argument that, for / e Homc(X ® D^,!")^'*, g G 
Homc(X' g) n«, y')^'S we have 

tY,Y' o (/ 0n 5) = (-1)^'^(5 ®n /) o (ix,x' ® idop+O, 
completing the proof. D 

Remark 1.14. One could hope that the operations (g define at least a monoidal 
structure on (C, (g,n*, i5), but this is in general not the case. In fact, as we noted 
in the proof of proposition 1.13, sending f,g to /fgg does satisfy the Leibniz rule, 
but we do not have the identity 

if ^9) o if^g') - {-lf'^f"^''^'ff^9g' 
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in general: the cubes on the two sides of this equation are in a different order. 

In spite of this, the operation (g) does extend to an action of C on (C, 0, D*, S). 
Consider C as a DG category with aU morphisms of degree zero (and zero differen- 
tial). Define 

«) : C (g) (C, «), D*,S) -^ (C, 0, D*,d) 
to be the same as ® on objects, and on morphisms by 

(g) : Homc(A,S) g) Homc(X g) D", y) ^ Homc(A g) X g) D", B g) F) 

2. Complexes over a DG category 

We review a version of Kapranov's construction [13] of complexes over a DG 
category. 

2.1. The category Pre-Tr(C). 

Definition 2.1. Let C be a DG category. The DG category Pre-Tr(C) has objects 
£ consisting of the following data: 

(1) A finite collection of objects of C, {Et, N < i < M} (N and M depending 
on £). 

(2) Morphisms e^ : Ej ^ Ei in C of degree j — i + 1, for TV < j,i < M, 
satisfying 

{-lydeij + ^ e^kekj ^ 0. 
k 

For £ :— {Ei, Cji}, T :— {Fi, fji}, a morphism (^ : f — > JF of degree n is a collection 
of morphisms fij : Ej — > Fi in C, such that ipij has degree n+j — i. The composition 
of morphisms ip : £ ^ J-, ip : J-' ^ Q is defined by 

{tp o Lp)ij := ^ Vifc ° '/'fej • 
fe 

Given a morphism y^ : f ^ .7-" of degree n, define 

a^,£('^)eHompre-Tr(C)(^,^)"+' 

to be the collection djrg^ip)^^ : _Bj -^ Fi with 

dr,£{f)ij ■= {-^Td{fij) + ^ /ifc(/?fej - (-1)" ^ (ySjfcefcj. 

Remark 2.2. We take the opportunity to give a detailed, although tedious, verifi- 
cation that Pre-Tr(C) is indeed a DG category, filling a much needed gap in the 
literature. 

Lemma 2.3. djr ^ = 0. 

Proof. Take (p :~ {(pij : Ej -^ Fi} of degree n. Then 
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We have 



I 



- i-iy^'ipiideij] 
■ Y^ hkhm, - ^i-'^y hidfij - (-1)"+' ^ d<fiieij 

l,k I I 

+ /, fil'^lkekj , 
Lk 



Y fik{d(p)kj = ^i-lf fikd^pk] + ^ fikfkWij - (-1)" Y fikifikieij, 



and 



_(_!)"+! Y{dLp)ikekj = (-1)"+* ^ difiikCkj + (-1)" ^ fiiifikekj - ^ faeikekj, 



which proves the result. D 

Lemma 2.4. For ip : E ^ J- , and ip : T ^ Q , we have 

Proof. Write £ — {Ei, eij}, T = {Fi, fij}, Q — {Gi, 5^}, and suppose Lp has degree 
n and ip has degree m. Then 

d£.g{ipoip),j = {-iyd{%poip)ij +Ygik{'4'0'p)kj - (-l)"+"^(-0O¥')jfcefej. 



We have 



{-iyd{^opy^ = i-iydiY,Am,) 

I 
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Thus 

d£.g{tp o Lp)ij = ^{-iydipii(pij +^gik'4'ki(pij - (-1)" ^ i'ikfkifij 

I k,l kd 

k,l I 

k,l 

= Y^[{-iydtl;^i +Yg^kiJkl - {-l)"'Yi'zkfki]v'ij 

I k k 

+ i-ir E ^^i [(-i)'^^'j- + E /'fc^fcj- - (-1)" E '^'fc^fc^i 

I k k 

I I 

D 

With the help of these two lemmas, it is straightforward to show that Prc-Tr(C) 
is a DG category. 

Remark 2.5. Suppose that C is an additive category, which we consider as a DG 
category with all morphisms in degree zero, and zero differential. Let £ = {Ei, Cij} 
be in Pre-Tr(C). Since e^ has degree j — i + I, the forces e^j = unless i ~ j + I. 
Writing d^ := e^+ij-, the condition {—lydcij + "^kSik^kj = is just d^^^d^ = 0, 
so £ is just a complex, in the usual sense, with differential d^ : Ej —>■ -Ej+i- 

Similarly, Hom(£, J-)p reduces to the usual group of degree p maps of complexes: 
(p = {if"' = (pn,n} and the differential is the standard one: 

dip = djr O ip — (— 1)"(^ O dg. 

Thus, Pre-Tr(C) = C'^{C)^ the category of bounded complexes in the additive cate- 
gory C. 

Remark 2.6. Let C be a DG category. Call C non-positive if Homc(X, YY = for 
p > 0. If C is non-positive and {Ei, Cij} is in Pre-Tr(C), then the degree restriction 
forces Cij = unless j < i. Similarly, if </?:£—> ^ is a degree p morphism in 
Pre-Tr(C), and we decompose ip into its components ipij : £j -^ J-i, then i > j +p 
for ipij 7^ 0. In particular, for a degree zero morphisms ip, we have ipij = if 
i < j. Bondarko has used these properties to define a weight structure on Pre-Tr(C); 
concretely, the conditions imposed on the objects and morphisms in Pre-Tr(C) by 
the non-positivity of C allow one to define the "stupid truncation" as a functor on 
Pre-Tr(C). See §2.7 for details. 

For E in C, we have the object ioiE) with ioiE)o — E, io{E)i = for z 7^ and 
eoo = 0. For a degree p morphism f : E ^> F in C, define ?o(/) : io{E) -^ ioiF) by 
^o(/)oo = /• This defines a fully faithful embedding of DG categories 

io-C ^ Pre-Tr(C). 
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2.2. Translation and cone sequence. For £ = {Ei, dj : Ej -^ Ei} in Prc-Tr(C), 
and n e Z, define £[n\ by 

(5[n])j := Ei+n, e[n]ij := (-l)"ei+„j+„ : {£[n])j -^ {£[n])i. 

For if G Honi(f,jr)P, define (p[n] G Hom(£ [n], jF[n])P by setting 

(^[n]y : i£[n])j -^ iT[n])^ 

equal to (— l)"''<Pi+n.j+n- It follows directly from the definitions that {£,(p) i-^ 
{£[n\, f[n]) defines a DG autoisoniorphisni with inverse the shift by — n. 

Let if : £ —> J- he a, degree niorphisni in Pre-Tr(C) with dip = 0. We define the 
cone of ip, Cone{ip), as the object in Pre-Tr(C) with 

Cone((/?), := F, ® E,+i 

and with morphisms Conc(ip)ij : Conc{ip)j -^ Cone{ip)i given by the usual matrix 

The inclusions Fi ^ Fi (B Ei^i define the morphism i^ : T ^r Cone(<^) and the 
projections Fi®Eij^i -^ -Ei+i define the morphism p;p : Cone((/3) -^ £[^]- Note that 
^{i^p) = = d{p^). This gives us the cone sequence in 2''^Pre-Tr(C): 

£ ^ T ^ Gonc{^) ^ £[!]. 

2.3. Tensor structure. Now suppose that (C, ®) is a DG tensor category. We give 
Pre-Tr(C) a tensor structure as follows. On objects £ — {Ei.eij}, J^ = {Fi,fij}, 
let £ (g) !F he the object with terms 

{£ (g) T)^ -.^ (SkEk (E> F,^k 

and maps gij : {£ ^ J-)j ^ (£ CE) J-')i given by the sum of the maps 

(-l)^'"'+''"efe, ®idp„ or (-l)'=id£, ® /„„. 

Lemma 2.7. Given £ = {Ei,eij}, T = {^ii./y} i*^ Pre-Tr(C), the collection of 
objects {£ (g) J-)i := (BkEk ® i^i-fe and maps gij : {£ ® T\ -^ {£ ® T\ the direct 
sums of the maps {—lY''~'^'^^'"eki fX" id^^^ and (— l)'^idE^ (g) /„„ does in fact define 
an object o/Pre-Tr(C). 

Proof. We compute: Since 

we have 

d((_l)('-'=+i)"efe, id^J = (_i)('-fe+i)"+fe+i ^ efe,e,z idf„ 

Similarly, 
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Finally, there are two compositions of terms of the form (— l)'^'^+^-'"efe; ^ idF„ and 
{—l)''idEf, ® fmn that define maps from Ei ®Fn to Ek <8 Fm with k > I and m > n, 
namely 

and 

[(-l)'=idB, ® /„„] o [(-l)('-'=+i)"eM ® idfj. 

These are both ±eM® fmn, the first one having sign (— i)('-fc+i)™+' and the second 
having sign (_i)('-fc+i)n+fc+('"-n+i)('-fc+i). As these two signs are opposite, these 
terms cancel. These three computations yield the identity 

as desired. D 

We also need to define a cup product map 

U : Hom(£, T) ® Hom(£:', T') -^ Hom(f ®e',T® T') 

For this, suppose £ = {E,, e,, }, T = {F„ /,,}, S = {E[, e^}, ^' = {F^ .f^}. Given 
(/5y : Ej -^ E[ of degree j — i + p, ^pki '■ Fi ^ F'^, of degree I — k + q (the degree 
taken in C), define 

y'^j U V/c; := (-l)(j'-^+P)'=+«(^,, ® 7/.M : E, (g> Fi -^ E[ ® F'^. 

Taking the sum over all components defines the graded map 

U : Hompi.o-Tr(C)(^,-^) ® Hompro-Tr(C)(^', -^O -^ Homprc-Tr(C)(^® ^',-^'X'^')- 

Lemma 2.8. The map U is a map of complexes. 

Proof. Since the structure maps \n £ ® £' and T ® J-' both involve two different 
types of maps, we have in total five terms in the differential in the Hom-complex 
Homp].o-Tr(C)('S ® £' T^ ® P')- As the computation is rather involved, we handle 
each term separately. We compute with given morphisms </? = {(/Jy } S Hom(£, J-)p 
and i/i = {ipki] € Hom(f , JF)'. We denote with subscript zj, kl the component of a 
map £ ® T -f £' ® T' that maps Ej ® Fi to E[ ® F^. 

First we look at the terms involving the differential in C. In the ij, fc^-component, 
this is 

j^ ,^_iy+k+U-i+p)k+qj+i-'i+P ^_l-jU-i+P)''+(i+^)3 ^p^^ UdtPki 
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Next, the terms involving composition on the right with the maps /**. In the 
ij, /cZ-component, this is a sum of terms of the form 

-(-i)p+Vy u i^kv o {{-lyidE, ® fi'i) 

= {-lY[ip,,yj {-{-iyi,kv o fri)]. 
The ij, /cZ-component of the terms involving composition on the right with the maps 

= -(-l)0-'-*+P)'=+«'+0-^"+i)'+P+9(^,^., ® ^,,) o ((-l)-'"--'"'+i)'e,vj- ® idp,) 
= -(-l)0'-»+p)'=+«'+0'-j"+i)'+P+9(-l)('-fc+9)0-/+i)(^.^,ejVj. ^^; 

= -(-l)0'-»+P)'=+«'+P+9+(fe+9)0-j'+i)(-l)0'-''+P+i)fe+M"^^^,ej,^. u V-fci 

For left composition with the maps /^^, the ij, fcZ-component is a sum of terms 
of the form 

= (-l)(^-^+P)''+«+*(idB, ® /^;,) o (^,, V'rfc) 

= (-l)0-»+P)''+«+*(-l)(''-'=+l)(j--^+P)^,^. ®/^;, oV'ia 

= (_l)(j-^+P)''+«+»(-l)(''-fc+l)0-*+P)(-l)W-*+P)fc+(9+lW(^^^. U/fe,, oV'i'/c 

= (-i)VjU/^,, o#fc. 

Finally, left composition with the maps e^^ has ij, fcZ-component a sum of terms of 
the form 

Putting these five computations together gives 

as claimed. D 

Lemma 2.9. We have {ipUip)o (^' U ip') = (_i)dogV-dogv>'(^ ^ ^/) y (^ ^ ^'y 
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Proof. It suffices to check for ip, if' , ip and ^' each consisting of a single component. 
Suppose If, if' , ip and ip' have respective degrees p,p' , q and q' . Then 

D 

Finally, we need a commutativity constraint. Let tE,F : E (g) F ^ F (g) E he the 
comniutativity constraint in C. Define 

as the collection of maps 

(-iyhE^,F, : E, (g) Fi ^ Fi rg E,. 

Lemma 2.10. 1. The collection of maps {(— l)"''iBi,F,} does in fact define a mor- 
phism Tg^jr : E ® T -^ J- ® £ 

2. For if e Homp].e-Tr(C)(^i ^')^; i' '= Homp].o_Tr(c)(-^i-^')''; ™s have 

-f/) U (^ o Tz.r = (-1)^'^T£',;f' o (^ U i/'. 
5. We have Ts^yr^g = (idjr U T£^g) o (t^^jt U idg). 
Proof The first assertion follows from the identities 

((-l)'id^, ®e,,)o((-l)^'fs^,^,) = ((-l)«'ts^,^,)o((-l)0-+i)'e,,®id^J 

{{-l)^'-''+'^'fki^idE,) o ((-lF"'ts,.Fj = ((-iF'^is^fJ ° ((-iFidE, ® Al). 
For the second, we have 

while 

iiJkl U ^.,) o T = (-l)('-'=+«)'+P'(-lF'(^H ® ^.,) o tE,,F, 

The result follows easily from this. 

Finally, since the maps Tp^fi- send Ft (g) Gj to Gj <S) Fi, we have 

idF, U (Tf ,g),fe = (-l)*''idF. ® tB„G, 

and similarly 

(T-£,^)y U idc, = (-l)*-''t£.,F^. ®idG,, (r£,^«g),,fc = {-iy^'+''hE^.F,<»G,- 

Since 

tE,,F,<g)Gu = (idF, «) iE.,Gj o (iE.,F, ® idcj, 

this proves (3). D 

We have shown 



20 MARC LEVINE 

Proposition 2.11. Let (C,®) be a DG tensor category. Then the operations 

{£, J-) ^-> £®J-, {(p, ip) '"^ ^U^p and commutativity constraints t** makes Pre-Tr(C) 
into a DG tensor category. 

Remark 2.12. The tensor structure is compatible with the translation functor, in 
that one has identities 

£[l](g)T= {£(g>T)[l] 

ip[l]Uij = {ifUib)[l] 

Using the commutativity constraint gives us a canonical isomorphism 

£^m ^""'''''°^""'^'= (g8^)[i] 

Remark 2.13. Let C be a tensor category, which we consider as a DG tensor category 
with all morphisms in degree zero. Then Pre-Tr(C) is equal to the category of 
bounded complexes C''{C), and the tensor structure we have defined on Pre-Tr(C) 
is the standard one on C''{C) arising from the tensor structure on C. 

Remark 2.14. If C is a DG tensor category, the DG functor iQ : C ^ Pre-Tr(C) is a 
tensor functor. 

2.4. The category K''{C). 

Definition 2.15. Let C be a DG category. 

1. The DG category C''{C) is the smallest full subcategory of Pre-Tr(C) containing 
ia{C), and closed under translation, isomorphism and the operation u h^ Cone(u). 

2. The additive category K^{C) to be the homotopy category of Pre-Tr(C): 

K\C) ~i7°Pre-Tr(C). 

Remark 2.16. Suppose that C is a DG tensor category. Then C^{C) is a tensor 
subcategory of Pre-Tr(C). 

Theorem 2.17. Let C be a DG category. 

1. The translation functor on C^{C) induces a translation functor on K^(C). Defin- 
ing a distinguished triangle in K^(C) to be a triangle that is isomorphic to the image 
of a cone sequence in C^{C) makes K^iC) into a triangulated category. 

2. If C is a DG tensor category, the induced tensor structure on C^{C) defines 
a tensor structure on K^{C), making K^{C) a tensor triangulated category. 

3. Let F : C ^ C be a DG functor. Then K^F : K^{C) -^ K^C) is exact. 
If F is a DG tensor functor of DG tensor categories, then K^F is an exact tensor 
functor. 

The reader may find proofs of these facts in [15, Part 2, Chap. II, proposition 
2.1.6.4, proposition 2.1.7 and theorem 2.2.2]. The context in [15] is slightly different, 
as there we work with DG categories having a translation structure. This is a device 
that allows one to avoid keeping explicit track of all the signs that turn up in the 
approach used here. However, the proofs cited from [15] go through without any 
essential change to prove theorem 2.17. 
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Remark 2.18. If C is an additive category, then K^{C) is the usual homotopy cate- 
gory of the category of bounded complexes over C. 

2.5. Unbounded complexes. One can extend the construction of Pre-Tr(C) by 
relaxing the finiteness condition, if one imposes a "local finiteness" condition for 
the structure maps Cij and morphisms ipij. 

Definition 2.19. For a DG category C, let Pre-Tr°°(C) be the DG category with 
objects 

E = {Et,i e Z, Cij : Ej -^ E^, dege^ ^ j - i + 1} 
such that 

(1) There is an integer Ne such that e^ = if j — i + 1 > Ne- 

(2) For each i,j, (-l)Mey + J2^. eikCkj = 0. 

Note that (1) implies that the sum in (2) is finite. 

For E = {E^,e^J}, F = {F^,i e Z, /y} and n G Z, let nom{E, F)" be the subset 
of the product Yli HomdEj, Fiy~'^~^" consisting of collections cpij : Ej -^ Fi such 
that there is an integer N^ such that ipij = for j — i + n > N^ . 

Make HomiE, F)* a complex by defining the differential Of.e as 

dF,E{f)i] := dc{(fij) + ^ fikipk] - (-l)'^°sv ^ (fikCkj 

k k 

Note that the sums are all finite and Nq^ < Taax{NE, Ne, 1) + N^, so in particular, 
the differential is well-defined. 
The composition law 

nom{F, G)* ® nom{E, F)* -^ nom{E, G)* 

is given by 

k 

Note that sum is finite and N-^oip < N^ + Ni^, so the composition law is well-defined. 

The fact that Pre-Tr°°(C) is a DG category follows by verifying the same iden- 
tities that show that Pre-Tr(C) is a DG category. Similarly, the expressions for the 
translation functor and cone sequence in Pre-Tr(C) extend directly to Pre-Tr°°(C). 

Definition 2.20. Let Pre-Tr+(C) be the full DG subcategory of Pre-Tr°°(C) with 
objects those E = {Ei, Cij} such that there is an zq with Ei = for i < iq; define 
the full DG subcategory Pre-Tr~(C) similarly as having objects E = {Ei, Cij} such 
that there is an io with Ei = for i > {q. 

Remark 2.21. If ^ is an additive category, then Prc-Tr°°(^) is the category of 
unbounded complexes G{A}. Similarly Pre-Tr^(^) = G^{A) and Prc-Tr^(^) = 
G~{A). If ^ is a tensor category, these last two identities are identities of DG 
tensor categories. 

The translation functor and cone sequences on Pre-Tr°°(C) restrict to give these 
structures on Prc-Tr^(C) and Pre-Tr^(C). If C is a DG tensor category, then the 
same expressions used to define the tensor product of objects and morphisms make 
Pre-Tr^(C) and Pre-Tr~(C) into DG tensor categories 

To unify the notation, wc sometimes denote Pre-Tr(C) by Pre-Tr (C). 
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2.6. The total complex. There is a total complex functor 

Tot : Prc-Tr(Pre-Tr(C)) -^ Pre-Tr(C) 

defined as follows: ii £ = {S^ip''^ : f' -> £''}, where £' == {Ei,e\j : E] -^ E\} and 
(^'=' = {(^^f : E^, -^ E^}, then Tot(£) is given by the collection of objects 

Tot(f )„ := ©j+j=„4, 



together with the morphisms Tot{£)mn '■ Tot(£)„ -^ Tot(£)m defined as the sum 
of terms (— l)'e'j and ipfj. 

Using exactly the same formulas, the total complex functor extends to 

Tot : Pre-Tr(Pre-Tr- (C)) ^ Pre-Tr' (C); ? = +,-, oo 



and to 

Tot+ : Prc-Tr+(Prc-Tr+(C)) -^ Pre-Tr+(C); 

Tot" : Pre-Tr" (Pre-Tr" (C)) -^ Prc-Tr"(C), 

which is an equivalence of DG categories with inverse the evident extension of 
the inclusion functor Iq. If C is a DG tensor category, then Tot is a DG tensor 
equivalence for ? — +,—. 

In particular, if A is an additive category, we have an equivalence of DG cate- 
gories 

Tot : Pre-Tr(C±(^)) ^ C^{A). 

Proposition 2.22. Let C be a DG category. 

1. For ? = &,+,—, cxD, the functor Tot : Pre-Tr(Pre-Tr' (C)) -^ Pre-Tr' (C) is 
an equivalence of DG categories. The quasi-inverse is the inclusion functor io : 
Pre-Tr' (C) -^ Pre-Tr(Pre-Tr' (C)). Similarly, the functors Tot are equivalences of 
DG categories. 

2. Tot, Tot and Tot" intertwine the respective translation functors, and send 
cone sequences to cone sequences. 

3. Suppose that C is a DG tensor category. Then for ? = &,+,— 

Tot : Pre-Tr(Prc-Tr' (C)) -^ Pre-Tr' (C) 

is a tensor functor, and is in fact an equivalence of DG tensor categories, with 
quasi-inverse zq- The same is true for Tot and Tot". 

Proof. One checks by direct computation that Tot is a DG functor. The compo- 
sition Tot o io is the identity, so to complete the proof of (1), we need to con- 
struct a natural isomorphism id = io o Tot. If £ = {£',(^'^' : f' -^ £''}, where 
£' = {Elei^ : E] -^ E\} and (p'^' = {(^fj : E] -^ £;f}, then Tot(£')„ = ®^+l=nE\. 
Define the map 

/° : io o Tot(5)° ^ £^ 
in Pre-Tr(C) to be the collection of maps 

p^^:i^oTot{£f^^®i+^=,El^E^ 

with p*l" = if fc + i 7^ J, and with p^^ the projection on the summand Ef if 
k -\- i — j. Then p is a degree zero map in Pre-Tr(Pre-Tr(C)) with dp = 0. The 
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inverse A to p is given by the collection of inclusions A°'„_; : -E^_; -^ (Bk+i=nE^- 
It is easy to check that p and A are natural. 

A direct computation shows that Tot intertwines the translation functors an 
maps a cone sequence in Pre-Tr(Pre-Tr(C)) to a cone sequence in Pre-Tr(C), and 
that Tot is a tensor functor if C is a DG tensor category. This completes the proof 
of (l)-(3); (4) follows directly, noting that both Tot and io are compatible (up to 
isomorphism) with translation and cone sequences. D 

2.7. Non-positive DG categories and truncation functors. Recall the canon- 
ical truncation t<„ operation on the category C{A) of complexes over an abelian 
category A: 

{C™ for m < n 

for m > n 

ker(d" : C" ^ C"+i) for m = n. 
For / € Z'-*Ho'mc(A){C, C"), we let r<„/ : T<nC -^ T<nC' be the map induced by 

/• 

We have the evident inclusion T<nC -^ C, giving a natural endofunctor t<„ 

of Z^C{A), which descends to a natural endofunctor of K{A). Since T<nC -^ C 

induces an isomorphism on H"^ for m < n, T<n passes to an endofunctor on the 

derived category D{A). 

If A is an abelian tensor category, then for complexes C, C", the map T<nC ^ 
T<n'C' -^ C ® C induced by the inclusions T<.nC -^ C, T<n'C' -^ C factors 
through T<n+n'{C ® C") -^ C ® C"; this follows from the Leibniz rule for dc^c- 

Now let C be a DG category. We let t<oC be the DG category with the same 
objects as C, and with the Hom-complexes given by 

nomr^^ciX,Y) := T<oHomc(X, F). 

The composition law for r<oC is given by the commutative diagram 

TKoHomc {Y,Z)® T<o'Homc (X, Yf > Home {Y, Z) ® Home (X, Y) 



T<onom{X, Zf > HomciX, Z) 

Remark 2.23. For C an arbitrary DG category, the inclusion t<oC ^ C is universal 
for DG functors of a non-positive DG category C to C. 

If C is a DG tensor category, then r<oC is a DG tensor subcategory, similarly 
universal for DG functors from a non-positive DG tensor category to C. 

Let C be a non-positive DG category. We have the functor of "stupid" truncation 
(T<N on Pre-Tr°°(C): For Y ^ {Y\e^j : Y^ -^ Y'}, a<NY is the object given by the 
collection {Y^,i < N,eij,i,j < N}. We define CT<Ar on morphisms similarly (but 
note that a<]\[ is not compatible with the differential). It is easy to check that (7<n 
is a well-defined endofunctor of the underlying graded additive category, and the 
evident collections of identity maps and zero maps defines a natural transformation 

Tr<N{Y):Y^a<NY 

with 7r<Ar o TT<M = 7r<M ° t^<n — t^<n for TV < M. Similarly, we have the stupid 
truncation in the other direction a~^Y ^ and natural transformation 

t^^(r) : d^^r ^ Y. 
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with L^^ o L>N = i>N o i>M = L>N for N > M. 

Remark 2.24. Beware that cr<7v and cr-^ do not define DG functors, and hence do 
not pass to functors on the homotopy category. 

Remark 2.25. Let C be a non-positive DG category. Let Y = {Y^,eij} be in 
Pre-Tr(C), and suppose that Y = ct^nY. Then the coUection of maps cnj ■ Y^ -^ 
Y^ , for j < N, give rise to a map 

eN,*<N:<7<N-iY^Y^[l-N] 

in Z'^C, with Y is isomorphic to Cone(eAr,*<7v)[— !]• By induction on A^, this shows 
that Pre-Tr(C) = C^(C). 

This motivates the foUowing definition: 

Definition 2.26. For a DG category C, let C°°{C) be the smahest full DG subcat- 
egory of Pre-Tr°°(C) that contains Pre-Tr°°(T<oC) and is closed under translation, 
isomorphism and taking cones. Let C'^{C) and C^{C) be similarly defined closures 
of Pre-Tr+(T<oC) and Pre-Tr"(T<oC) in Prc-Tr+(C) and Pre-Tr"(C), respectively. 
For 7 — b,+, — , oo, let K'{C) be the homotopy category of C' (C). 

Remark 2.27. C+{C) and C- {C) are also the "closures" of Pre-Tr+(T<oC) and 
Pre-Tr" (t<oC) in Prc-Tr°°(C). 

The analog of theorem 2.17 remains true for C' (C), ? = oo, +, — . The proofs are 
exactly the same as in the bounded case. For reference purposes, we record this 
result here: 

Tiieorem 2.28. Let C be a DG category, ? = 6, +, — , oo 

1. The translation functor on C' (C) induces a translation functor on K (C). Defin- 
ing a distinguished triangle in K' (C) to he a triangle that is isomorphic to the image 
of a cone sequence in C' (C) makes K (C) into a triangulated category. 

2. If C is a DG tensor category, then for ? = fe, +, — , the induced tensor structure 
on C' (C) defines a tensor structure on K' (C), making K' (C) a tensor triangulated 
category. 

3. Let F : C ^ C be a DG functor. Then R-P : K-{C) ^ K-{C') is exact. 
If F is a DG tensor functor of DG tensor categories, then KF is an exact tensor 
functor for ? = b,+,—. 

Similarly, we have 

Proposition 2.29. Fori = b, +, — , oo, the equivalence Tot : Pre-Tr(Pre-Tr' (C)) -^ 
Pre-Tr' (C) induce an equivalence 

Tot : C\C' (C)) -^ C- (C) 

with quasi-inverse io : C^ {C) -^ C^{C^{C)). If C is a DG tensor category, and 
? = b,-\r,—, then Tot is an equivalence of DG tensor categories. The analogous 
statements hold for 

Tot+:C+(C+(C))^C+(C) 

Tot" : C- {C- {C)) -> C- {C) 
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Corollary 2.30. Let C be a DG category, A an additive category, and 

F-.C-^C'iA) 
a DG functor, 7 — b,+, — , oo. Then F defines a canonical exact functor 

K\F) : K\C) -^ K'{A): 
if F is a DG tensor functor, then K' (F) is an exact tensor functor for ? = &,+,—. 
Proof. F induces the exact (tensor) functor 

K^F) : K\C) ^ K\C'' (A)); 
we apply the exact functor (exact tensor functor for ? = 6, +, — ) 

Tot : K^C-iA)) ^ K-{A) 
to give the resuh. D 

2.8. Homotopy equivalence of DG categories. 

Definition 2.31. A functor of DG category i^ : C — > C is called a homotopy 
equivalence if 

(1) H°F induces an isomorphism Obj(iJ°C)/Iso ^ Obj(i?"C')/Iso. 

(2) For each pair of objects X,Y € C, the map 

F : nomc{XX)* ^ nomc'{F{X),F{Y))* 
is a quasi-isomorphism. 
Lemma 2.32. Let C he a non-positive DG category. For Y in Pre-Tr°°(C), the 



uuvn chisv, u 



limits lim cr<Ary and lim t- y both exist, and the natural maps 



r^limcr<Ary; \\m(T^"Y^Y 

N N 

induced by the 'k<n and i-^ are isomorphisms. In addition, we have a natural 
short exact sequence 

^ i?4uni/"-\Hompre-Tr~(c)(^,(^<wi") ^ i/"(Homp„.Tr~(C)(^,5^)*) 

JV 

-^ lim g" (Homprc-Tr^ (C){X, {c^<nY)*) -^ 0. 

N 



The analogous result holds for lim cr<Ar(—) in Pre-Tr (C) and lim cr-^(—) in 



Pre-Tr" (C). 

Proof For all X G Prc-Tr°°(C), 

Homp„.Tr-(c)(^,^<wi")"= n Homc(X^yO^■-^+" 

i<N,j 

and hence the maps 7r<7v induce an isomorphism 

Hompro-Tr~(c)(^, ^)* ^ lim Hompyfl^ (c) (^, {(TknY)* 

N 
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Thus Y represents the projective limit. In addition, the maps in the projective 
system of Horn-complexes are just projections, hence satisfy the Mittag-Lefher con- 
ditions for a projective system of complexes. This gives us the short exact sequence 

^ i?i limi/"-i(Homp,e.Tr~(c)(^, ('^<Nn) ^ ^"(Homp„_Tr-(c)(X,y)*) 

N 

-^ limi/"(Hompre-Tr-(c)(^, {(^knY)*) ^ 0, 

N 

The proof for the colimit of the a-'^Y is similar. D 

Lemma 2.33. Let F : C ^ C be a homotopy equivalence of non-positive DG 
categories. Then for ? == 6, +, — , oo 

K'{F) : K'{C) -^ K'{C') 

is an equivalence of triangulated categories. 

Proof. We first give the proof for 7 = +. We first show that K'^(F) is fully faithful. 
Take X,Y £ Pre- Tr "'"(C). By translating, may assume that X — {X^, i > 0, fij}, 
Y = {Y^,i > 0, Cij}. If X, Y are in C, then by assumption 

Hom^+(C)(X[-n],r[-m])^Hom^+(C.)(F(X)[-n],i^(r)[-m]) 

is an isomorphism for all n, m. In general, since we may express a<MX , and a<NY 
as cones (see remark 2.25) 

a<MX = Cone(/M,*<M : (t<m-iX ^ X^'[l - M])[-l] 
a<NY = Cone{eN,.<N ■ (t<n-iY -^ Y^[l - N])[-l] 

By induction on N, M , it follows that F induces a quasi- isomorphism 

Homp^^_rj^+(^c){^<MX,a<NY)* -^ Homp^^_r^+(^c')(^<MFi^),(^<NF{Y))* 

for every N, M. Additionally, the map 

7I"<m(^)* : 'Homp^^_rj,^+(^(.)i<^<MX,a<NyT ^ WoTOp^j,_Tr+(c)(^, cr<Ar^)" 

is an isomorphism for M > N — n, and similarly in Pre-Tr (C), so F induces a 
quasi-isomorphism 

Homp^^_T.^+(^c)iX:<^<NY)* -^ Homp^^_T:^+ (^c'){FiX)> '^<N F{Y))* 

for every N . Applying lemma 2.32 shows that F induces a quasi-isomorphism 

Homp,,_T,+ (c)(^,l")* ^ Womp,,.T,+ (c,)(F(X),F(r))* 

as desired. 

It remains to show that F induces a surjection on isomorphism classes. Take 
X = {X\ fij : X^ -^ X^} in Pre-Tr+(C'); we may assume that X" = forn < 0. 
By assumption, F induces an isomorphism from the isomorphism classes in H^C 
to those in H°C', so there is a F" e C with F{Y°) ^ X° in H°C'. Assume by 
induction that we have an integer A'^ > 0, and for < n < A^, we have an object 
y„ in Pre-Tr (t<oC) and a map (/3„ : F(Yn) -^ cr<„A such that 

a. Yn = c7<nYn and tpn = n<n(pN. 

b. (fn is an isomorphism in K^{C'). 
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Choose an object y^+i in C with an isomorphism cp^^-^ : i^(y^+^) -^ X^^^ in 
H^C. We have the map 

/ '■— .fN+l,*<N+l ■ <^<nX -^ X [—N] 

in Z'^Pre-Tr(C') and the isomorphism 

(7<N+iX = Cone(/w+i,*<7V+i)[-l]- 

Since K^{F) is fully faithful, there is map 

e := e^+i,,<Ar+i : Fat ^ Y^'+^-N] 

in ZOPre-Tr(C) such that 

in K+{C'). 

We lift this relation to an identity in Pre-Tr(C'). There is a degree -1 map 

a:F{YM)^X^+\~N] 

in Pre-Tr(C') with 

9a = / o (^w - ip^+^[-N] o F(e) 
Let Ym+1 '■— Cone(e)[— 1]. Define the degree map 
^N+i '■ F{Yj^+i) -^ a<N+iX 
via the matrix 



where we make the identification 

■Hom{F{YN)X^+^[-N - 1])° = nom{F{YN)X^+\-N]Y . 
Now, for any degree map $ : F{Yis[+i) -^ (t<7v+i^ given as a matrix 

$7V 



with $7V : F{Yn) -^ F{Yn), «'^+^ : F{Y^+^)[~N - 1] ^ X^+i[-7V - 1] and 
G : F{Yn) -^ X^^^\—N — 1] degree zero morphisms, we have 



5.<„+iX,F(y«+i)^ - I aC + / o $w - $^+1 o F(e) 9$"+i 



Thus 



a _ , dipN 

C'/'w+i - \^Q^ _ <^w+i[_^ _ 1] ^ ^(g) + / o (^„ a((^^+i[-Ar - 1]) 



-f o^N + <^"+^ [-N - 1] o F(e) + / o (^^ - (^^+1 [-TV - 1] o F(e) 

so (fN+i ■ F{Yn j^i) -^ a<N+iX defines a morphism in K^{C'). 
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By construction, wc have (7<nYn+i = Yn and a<N^N+i = ^n- In addition, we 
have the diagram in Prc-Tr(C') 



F{Y^+^)[-N - 1] ^^ F{Yi 



^^^^i^_(^)^^^^^JXe)^^^^^^,^^_^j 



XN+1. 



V'N + l 



l-N] 



7r,v + l — 



> ct<nX 



^X^+^[-N] 



The left-hand and middle squares are commutative, while the right-hand square 
commutes up to the homotopy given by the degree -1 map a. Thus, the above 
diagram yields a commutative diagram in K^{C'), with rows distinguished triangles 
(up to sign). Since ip^'^^ and (pN are isomorphisms in K^{C'), it follows that lpn+i 
is also an isomorphism in K''{C'), and the induction goes through. 

Let Y = {Y\i > 0,ey}. Then Yn = a<NY for all A^ > 0, and the se- 
quence of maps ifN '■ F(Yn) -^ (7<nX give a well-defined map ip : F{Y) -^ X 
in ZOPrc-Tr+(C'), such that 

for each A^ > 0. We claim that if is an isomorphism in K^{C'). For this, take an 
object Z = {Z^} in K^{C') and suppose Z* = for z < iq. For each A^ > we have 
the commutative diagram 



F{Y) 

_F(7rjv) 
F{<T<nY) 



^X 






-)■ (7<nX 



and the map Lp^ is an isomorphism in K^{C'). Thus, we have the commutative 
diagram 











i?i lim^ H"-\Hom{Z, F{a<NY))*) -— ^ R^ lim^ ff"-i(Hom(Z, <7<nX)* 



H"{nom{Z,F{Y))*) 



lim„ H'\nom{Z, F{a<NY))*) 







-^H"{nom{Z,X)*) 



-^ lim^ H-^{nom{Z, a<ArX)*) 







with exact columns (see lemma 2.32). Since fN* is an isomorphism, this verifies 
our claim. This completes the proof in case 1 — +. 

The proof for ? = 6 is the same, but easier, as we can omit the limit argument. 
For ? = — , we use a dual proof, replacing the system of projections 7r<Ar with the 
system of inclusions i-^ . 
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Now consider the case ? = oo. Take X,Y £ C°°{C). From the case 7 = —, F 
induces a quasi-isomorphism 

Hom^^(C)(o-<ArX,cr<7vi^) ^ Houik-^ (c')i(^<N F{X), (T<n FiY)) 

for all N. Arguing as in the case ? = +, wc see that F is fully faithful. 

Take X G C°°{C'). From the case ? == -, there is a Fq G C-{C) and an 
isomorphism ifQ : Yq ^ a<QX. Arguing as in the case ? = +, we construct a 
sequence of compatible objects Yn in C^{C), and maps (ppf : F(Fjv) -^ a<pfX) 
which are isomorphisms in K~{C'). Taking the limit gives us a F G C°°{C) and a 
map (f : F{Y) —>■ X which is an isomorphism in K°°{C'), completing the proof. D 

Theorem 2.34. Let F : C ^ C be a homotopy equivalence of DG categories. Then 

for 1 — h,+,—,oo 

K''{F):K-{C)^K-{C') 
is an equivalence of triangulated categories. If C and C are DG tensor categories 
and F : C ^ C is a homotopy equivalence and a DG tensor functor, then K'{~) 
is an equivalence of tensor triangulated categories for ? = &,+,—. 

Proof. The statement for a DG tensor functor follows from the assertion for a 
homotopy equivalence. 

Define the full additive subcategory K'{C)n oi K'{C) inductively, with K'{C)q = 
K- (t<oC), and K- {C)n having objects those Y E K'{C) that fit into a distinguished 
triangle 

Yi ^ Y2 ^ Y ^ Yi[l] 
in K''{C), with Yi,Y2 in K-{C)n-i- Define K''{C')n similarly Since 

K''{C) = UnK''{C)n 

it suffices to show that K- (F)jv : K'{C)n -^ K'{C')n is an equivalence of additive 
categories for each N. 

The case iV == follows from lemma 2.33, so take A^ > 1 and assume the result 
for A^ - 1. 

It follows easily by induction on A^ that K-{F)m is fully faithful. If X is in 

K-{C')n, choose a distinguished triangle Xi — > X2 ^ A ^ ^iW with Xi G 
K' {C')n-i, i ~ 1,2. By induction, there is a morphism Yi — > I2 in K' {C)n-i and 
a commutative diagram in K {C')n~i 

F{Y,)g ^^ F{Y2) 



¥>l 



V2 



Xi 



-^Xo 



with ipi , ip2 isomorphisms. Complete Yi — > ^2 to a distinguished triangle Yi — > 
Y2 ^> Y ^f Yi[l] and extend the commutative diagram to a commutative diagram 



F{Yi 



Xi 



F{g] 



^ F{Y2) > F{Y) 



-^i"i[l] 



viW 



-4 A, 



-^X- 



-^Ai[l] 
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Then ip is an isomorphism, and hence K {F)n is a bijection on isomorphism classes. 
Thus, the induction goes through. D 

2.9. Cohomologically non-positive DG categories. 

Definition 2.35. A DG category C is cohomologically non-positive if for aU X,Y 
in C 

H''{Homc{X,Y)*) =0 
for n > 0. 

Proposition 2.36. LetC be a cohomologically non-positive DG category. Then the 
inclusions t<oC -^ C induces an equivalence of triangulated categories K-{t<oC) -^ 
K (C) for ? = 6, +, — , cxD. If C is a DG tensor category, then K (t<oC) -^ K' (C) 
is an equivalence of tensor triangulated categories for ? = 6, +, — . 

Proof. This follows from theorem 2.34. D 

3. Sheafification of DG categories 

We show how to construct a DG category RTC out of a presheaf of DG categories 
U 1-^ C{U) so that the Hom complexes in RVC compute the hypercohomology of 
the presheaf of Hom complexes for C. 

3.1. Sheafifying. Fix a Grothendieck topology t on some full subcategory Opug 
of Schg; we assume that Opn^ is closed under fiber product over S, that r is 
subcanonical, and that t has a conservative set of points PiT-(S'). Let ShT-{S) be 
the category of sheaves of abelian groups on Opug for the topology t, and PShT-{S) 
the category of presheaves on Opug. We let 

i: W Ah^ShriS) 
xePt^(s) 

be the canonical map of topoi, i.e, we have the functor i* : Shr (S) — > n2:ePt (S) (^^^ 
factor i* sends / to the stalk f^ at x) and the right adjoint of i*, i* : n2:ePt (s) ~* 
ShriS). Let 5° := i^, o i*, Q" := (5°)". Combining the unit e : id ^ i^,i* and 
the co-unit 77 : i*i* — > id of the adjunction gives us the cosimplicial object in the 
category of endofunctors of Shr (S) : 



g' 



with augmentation e : id ^ ^'^ . For a sheaf .7-", we let 

T^g*T 

be the augmented complex associated to the augmented cosimplicial sheaf n ^^ 
g"{J^)] we extend this construction to complexes by taking the total complex of 
the associated double complex. 

Lemma 3.1. For each complex of sheaves T , the augmentation e : T ^ Q*(T^ is 
a quasi-isoraorphisra, and Q'^(T) is acyclic for the functor R"'T{S, — ). 
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Thus, we have a functorial T(S, — )-acychc resolution for complexes of sheaves of 
abelian groups on 5*. In addition, i* is a tensor functor, and the isomorphism 

i*{i*{A) ® i*{B)) -^ i*i*{A) i*i*(B) 

followed by the co-unit 

i*U{A)(Si*U{B) -^A(SB 

induces a natural transformation if{A)(E)i*{B) -^ i^{A'SiB). This gives us a natural 
map 

and thus by iteration a map of cosimplicial sheaves 

^l■.[n^ g^'iT) ® e"(^')] ^ [n ^ g'\T (g> T% 
We have the Alexander- Whitney map 

AW : g*iT) ® g*{T') ^ [n ^ e"(^) ® ^"(^'F 

sending gP{T) ® e«(j^') ^ gP+'^iT) ® gP+^iT') by («?'') ^ ^l^^'*^), where 
if" : {0, . . . ,p} ^ {0, . . . ,p + g}; z^'^ : {0, . . . , g} ^ {0, . . . ,p + g} 
are the maps 

ii'''{j) =3, *2''^(j) = i+P- 
The composition 

^^^^, — ^ioAw ■.g*{j^)®g* {T') -^g*(T(E)T') 

makes J- h^ g*{J') a weakly monoidal functor, i.e., we have the associativity 

These facts enable the following construction: Let U i— > C{U) be a presheaf of 
DG categories on Oprfg. For objects X and F in C{S), we have the presheaf 

[f:U^S]^ nomc^u){.nX), r{Yj); 

we denote the associated sheaf by Tioni riX, Y). 

Let Rr{S, C) be the DG category with the same objects as C{S), and with Hom- 
complex 

■HomnrisM^Xr ■■= G*{2i(mi{X,Y)){S). 

Our remarks on the Godement resolution show that the composition law for the 
sheaf of DG categories C defines canonically an associative composition law 

o : Homijr(s,c){YX)* ®'Homjir(s.,C){X,Y)* -^ 'HomjiY(s.,C){X,Z)* 

for _Rr(5', C), making i?r(5', C) a DG category. In addition we have 

Proposition 3.2. Let C be a presheaf of DG categories on Opri^g. Then for each 
pair of objects X,Y of C{S), we have a canonical isomorphism 

m^(Sr,ligmi(X,Y)) = H"{Homnr(s,c)(X,Y)). 

Indeed, since T -^ g*{J-') is a T{S, — )-acyclic resolution of !F for any complex of 
sheaves J-, we have a canonical isomorphism B^iSr,^) = H"(g*{!F){S)) for any 
complex of presheaves J-' on Opn^ . 
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3.2. Thom-Sullivan co-chains. Suppose now that we are given a presheaf of DG 
tensor categories U h^ C{U) on Oprfg. The Alexander- Whitney maps gives us a 
natural associative pairing of Horn-complexes 

® : Wom^r(s,c)(^, Y)* ® Homnr(s,c){^\ Y')* ^ Hom^r(s,c)(^ (E> X' ,Y (g> Y')* 

satisfying the Leibniz rule and compatible with the tensor product operation on 
C{S), however, this map is not commutative. For this, we need assume that U ^^ 
C{U) is a sheaf of Q-DG category; we can then modify the construction of i?r(S',C), 
giving a homotopy equivalent DG category RT{S, C)® with a well-defined DG tensor 
structure. The construction uses the Thom-Sullivan cochains; we have taken this 
material from [8]. 

Let |A„| be the real n-simplex 

n 

|A„|:-{(to,...,i„)eM"+i I J2^^ = l,0<U}, 

i=0 

and let A„ be the simplicial set HomA(— , [n]) : A°p -^ Sets. For / : [m] -^ [n] in 
A, let I/I : I Am I — ^ |A„| denote the corresponding affine-linear map. 

For a cosimplicial abelian group G, we have the associated complex G* , and the 
normalized subcomplex, NG*, with NG^ the subgroup of those g G G{[p\) such 
G{f){g) = for all ,f '■ [p] ^ [q\ in A which are not injective. The inclusion of 
NG* ^-s- G* is a homotopy equivalence. In particular, we have the complex of 
(simplicial) cochains of A„, and the subcomplex of normalized cochains Z*(A„). 

Let ri*(|A„|) denote the complex of Q-polynomial differential forms on |A„|: 

f^*(|A„|) := ^Q[to,...,t„]/53j'^„t,-i- 

Sending [n] to Z*(A„), 51*(|A„|) determines functors 

Z* : A°P ^ G^°(Ab), VL* : A°p -^ G^°(ModQ), 

where G-°(ModQ) is the category of complexes of Q- vector spaces concentrated in 
degrees > 0, and G-°(Ab) is the integral version. There is a natural homotopy 
equivalence 



VL* 
defined by 



for Lo G rj™(|A„|) and a an ?Ti-simplex of A„. 

We have the category Mor(A), with objects the morphisms in A, where a mor- 
phism / ^ g is a commutative diagram 



> • 



• > • . 

9 

For functors F : A°p -^ G-"(Ab) and G : A ^ Ab, we have the functor 
F(domain) ® G(range) : Mor(A) -^ G-" 
/ i-^ F(domain(/)) ® G(range(/)); 
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let F (E)G be the projective limit 

F(g)G:— lim F(domain) ® G(range). 

^ Mor(A) 

Explicitly, an element e of (F(g)G)™ is given by a collection p h^ ep ^ F™{[p]) ^ 

G{[p]) such that 

^(/)®G(id)(ep)=F(id)®G(/)(e,) 
for each f : [q] ^ [p] in A. The operation ^ is functorial and respects homotopy 

equivalence. 

For a cosimplicial abelian group G, we have the well-defined map e : Z* >S> G ^ 

NG* defined by sending e :=(... e^ ...) e (Z*«)G)« to eq(id[,]) e G{[q]). In [8, 

Lemma 3.1] it is shown that this map is well-defined, lands in NG*, and gives an 
isomorphism of complexes. Thus, we have the natural homotopy equivalences 

nd:n*(SG-> NG* ® Q -> G* ® Q. 

The operation of wedge product makes Q* into a simplicial commutative dif- 
ferential graded algebra. Suppose we have two cosimplicial abelian groups G, G' : 
A -^ Ab, giving us the diagonal cosimipHcial abehan group G®G' : A ^ Ab. We 
have the map 

U : (SI* ® G) ® {n* ® G') -> n* ®(G ® G') 

induced by the map 

{uj(E)g)(g) (w' (g) g') H^ (cj A oj') (g) {g (g) g'), 

foTivigg E f7«(|Ap|) (g) G([p]), w' (g) g' G ri«'(|Ap|) (g) G([p]). It is easy to check 
that this gives a well-defined functorial product of cochain complexes and that U 
is associative and commutative, in the evident sense. 
We have as well the product map 

Daw :G*(gG'*^(G(gG')* 

induced by the Alexander- Whitney maps i^ : [p] -^ [p + q], i2 '■ [q] -^ [p + q] 

{g e on ® {g' G G'«) ^ G{zl){g) ® G'(z^)(g') G GP+« ® G'p+' 

It follows easily from the change of variables formula for integration that the dia- 
gram 

(3.1) {n*®G)®{n*®G')_±^n*®{G®G') 



I®! 



I 



(G* (g Q) g) (G'* g) Q) ^jj^ (G g) G')* g) Q 

commutes. 

We extend the operation il* g)(-) to functors G* : A°p ^ G+(Ab) by taking 

the total complex of the double complex 

...^n*(g,G°^n*(g>G^-^... . 

All the properties of H,* g)(— ) described above extend to the case of complexes. 
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3.3. Sheafifying DG tensor categories. Let U i-^ C{U) be a presheaf of Q-DG 
tensor categories on OprCg. 
Define 

'HomRr(Sfi)» (^, Y)* — ^* ® Q*{noml{X, Y)){S) 

Using the functoriality of the Godement resolution, the composition law for U h^ 
C{U) together with the product U defined in §3.2 defines a composition law 

o : nomRY(Sfi)» {Y, Z)* ® 'HomRr(s,c)» i^, Y)* -^ Wom^r(s,c)« i^, Z)* 
giving us the DG category Rr(S,C)'^. By the commutativity of (3.1) the maps 



lid : Homjir{sfi)»iX,Yy -^ Homiir{s,c)iX,Y)* 

define a DG functor 

f : Rr{S,C)'^ -^ Rr{S,C) 

which is a homotopy equivalence. 

Finally, the tensor product operation on C gives rise to maps of cosimplicial 
objects 

® : g*{Hom}.{X,Y)){S)<»g*{Homl{X',Y')){S) -> g*{Homl{X ig)X' ,Y®Y')){S) 

Applying the Thoni-Sullivan cochain construction gives the map 

«) : Homflr(s,c)»(^,i^)*®Womflr(5,c)»(^',>")* ^ HomRr{s,c)»{X®X' ,Y^Y'y 

that makes _Rr(5', C)*^ a DG tensor category, with commutativity constraint induced 
from C{S). 

Remark 3.3. Let U i-^ C(C/) be a presheaf of Q-DG tensor categories on Opri^g. 
The homotopy equivalence / : RV{S,C)® -^ RT{S,C) induces an equivalence of 
triangulated categories 

K\ j) : K^{Rr{S, C)^) ^ K^{RT{S, C)) 

(theorem 2.34). In addition, the DG tensor structure we have defined on RT{S,C)^ 
endows C^(i?r(S', C)®) with the structure of a DG tensor category, and makes 
K''(Rr(S,C)^) a triangulated tensor category. 

3.4. Idempotent completion. Recall that an additive category A is pseudo- 
ahelian if each idempotent endomorphism admits a kernel and cokernel. If A is 
an additive category, one has the idempotent com,pletion ^ ^ .A' of A, which is the 
universal functor of yl to a pseudo-abelian category; A!'' has objects {M,p), where 
M is an object of A and p : M ~> M is an idempotent endomorphism, 

Hom_4t((M,p),(Ar,(7)) := p*9,Hom^(M, iV) == g*p*Hom^(M, iV) C Hom^(M,iV), 

and the composition law in Ac^ is induced by that of A. If ,4 is a tensor category, 
A?' inherits the tensor structure, making A ^ Ai!^ is a, tensor functor. 

One extends the definition to DG categories and DG tensor categories in the 
evident manner: if C is a DG category, then C^ has objects (M, p) with p : M ^ M 
an idempotent endomorphism in Z'^C The Hom-complex is given by 

Homck{{M,p),{N,q))* := p*qMomc{M, N) ^ q^p*Homc{M,N). 
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A theorem of Balmer-Schlichting [1] tells us that, for A a triangulated category, 
A'^ has a canonical structure of a triangulated category for which A ^ A'^^ is exact; 
the same holds in the setting of triangulated tensor categories. 

4. DG CATEGORIES OF MOTIVES 

Let S* be a fixed base-scheme; we assume that S" is a regular scheme of finite 
KruU dimension. Let Sm/S' denote the category of smooth S'-schemes of finite 
type, Proj/5 C Sm/5 be full subcategory of Sm/S consisting of the smooth pro- 
jective S'-schemes. We form the DG category of correspondences dgCorg from a 
cubical enhancement of the category of finite correspondences Cors, using the al- 
gebraic n-cubes as the cubical object; restricting to smooth projective S'-schemes 
gives us our basic DG category dgPrCor g. We sheafify the construction over S, 
then take the homotopy category of complexes over the sheafified DG category 
to form the triangulated category K''(Rr(S,dgPrCor )). Taking the idempotent 

completion gives us our category of smooth effective motives SmMot° (S); in- 
verting tensor product with the Lefschetz motive gives us the category of smooth 
motives SmMot{S). 

We also have a parallel version with Q-coefficients; using alternating cubes en- 
dows everything with a tensor structure. 

4.1. DG categories of correspondences. We begin by recalling the definition 
of the category of finite correspondences. 

Definition 4.1. For X, F G Sm/S, Cors{X,Y) is the free abelian group on the 
integral closed subschemes W iz X XsY such that the projection W —^ X \s finite 
and surjective onto an irreducible component of X . 

Now let X,Y and Z be in Sm/S. Take generators W G Cors{X,Y), W 6 
Cor six, Z). As in [18, Chap. V], each component T of the intersection W Xs Z Ci 
X Xs W CX XsYxsZ is finite over X Xs Z and over X (via the projections) 
and the map 

T ^ X 

is surjective over some irreducible component of X. Thus, letting pxY, Pyz, etc., 
denote the projections from the triple product X Xg Y Xs Z, and -xyz the inter- 
section product of cycles on AT XgY Xs Z, the expression 

WoW' -.^ Pxz*{p*xy{W) -xyz P*YziW')) 

gives a well-defined and associative composition law 

o : CorsiX, Y) ® Cors{Y, Z) -^ Cors{X, Z), 

defining the pre-additive category Cars- Cars is an additive category, with disjoint 
union being the direct sum, and product over S makes Cors into a tensor category. 

Sending X E Sm/S to X G Cars and sending f : X ^ Y to the graph of /, 
TfCXxsY, defines a faithful embedding is : Sm/S -^ Cors- Making Sm/S 
a symmetric monoidal category using the product over S makes is a symmetric 
monoidal functor. 

Set D^ = (A^, Os, Is). For each n = 0, 1, . . ., we have the n-cube Dg := (0^)", 
giving us the co-cubical object DJ, 
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Indeed, we send pi to the zth projection pi : Dg -^ ^^^ , rjn.i,e to the e-section to 
Pi (e = 0, 1), Tn,i to the involution of D^ sending the ith coordinate ti to 1 — ti and 
acting by the identity on the other factors, and having the permutation group S„ 
act on D" by permuting the factors. 
In fact, D^ extends to a functor 

D^ : ECube -^ Sm/S' 

by sending the multiphcation map /i : 2 ^ 1_ to the usual multiplication 

Ms : □! -> Ds; ^^s{x, y) = xy. 

Define the co-multiplication 5 : Dg -^ DJ ® DJ by taking the collection of 
diagonal maps (5" := 5\jn : D^ -^ Dg X5 Dg. One easily verifies the properties of 
definition 1.9. 

Definition 4.2. Let dgCorg denote the DG category {Cors, ®, D^, S). We denote 
the DG tensor category ((Cor^Q, (g), Dg, (5)'"'*, (8)n) by dgCorf*. 

Proposition 4.3. 1. The DG categories dgCor g and dgCor^g are non-positive. 

2. The functor dgCorg — > dgCorgq is a homotopy equivalence. 

Proof. Indeed, (1) is obvious, and (2) follows from proposition 1.12. D 

Definition 4.4. Let dgPrCor g be the full DG subcategory of dgCorg with ob- 
jects X G Proj/5'. dgPrCor%^ is similarly defined as the full DG subcategory of 
dgCorf^ with objects X e Proj/S. 

Note that dgPrCorg^ is a DG tensor subcategory of dgCorg^, and the func- 
tor dgPrCorg — > dgPrCor g^ induced by dgCorg -^ dgCorgq is a homotopy 
equivalence. 

4.2. Functoriality. Let / : 5" ^ 5* be a fc-morphism of regular schemes. We have 
the well-defined pull-back functor /* : Cars -^ Cars' ^ with f*{X) = X Xs S' 
for X £ Sm/ S and using Serre's intersection multiplicity formula to define the 
pull-back of cycles 

/* : Cors{X,Y) ^ Cors'{f*{X), f*{Y)) 

Note that the cycle pull-back is always well-defined for finite correspondences, using 
the isomorphism 

{X Xs S') Xs' {Y Xg S') ^ {X Xg S') Xg Y. 

Since f*{X) Xs' Og, = f*{X Xs ng), the pull-back extends to the map of 
complexes 

/* : HomdgCorsiX,Y) ^ HomdgCors,{.f*{X), f*{Y)), 

defining the functor S h^ dgCorg from regular schemes to DG categories. We have 
as well the sub- functor S ^-> dgPrCorg. 

A similar construction defines the functor S h^ dgCorg , from regular schemes 
to DG tensor categories, and the subfunctor S h^ dgPrCorg*". 
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4.3. Complexes and smooth motives. 

Definition 4.5. Let 5 be a regular scheme. Define the Zariski presheaf dgPrCor 

by 

U ^ dgPrCor ^jU) := dgPrCorjj. 
The DG category of smooth effective motives over S, dgSmMofg , is defined as 
dgSmMotf :== C^{RT{S, dgPrCor ^)). 

The triangulated category, SmMot^ (S), of smooth effective motives over S is 
defined as the idempotent completion of the homotopy category 

K^{RV{S, dgPrCor f)) = H^dgSmMotf. 
The Zariski presheaf, dgPrCor^ , is defined by 

U ^ dgPrCor fjU) := dgPrCor'§\ 

The DG tensor category of smooth effective motives over S with Q-coefficients, 
dgSmMot'^gQ, is defined as 

dgSmMotfo, := C''{Rr{S,dgPrCor_f)®). 

The triangulated tensor category, SmMot'^ ('S')q, of smooth effective motives over 
S with Q-coefficients is defined as the idempotent completion of the homotopy 

tf)®) = H^dgSmMotf^. 

iiuii 'i.u. ± lie juiiciui ugjr I'l^ur 

functors 



category K''{Rr{S, dgSniMot f)'^) = H^dgSmMotf- 

Proposition 4.6. The functor dgPrCor^J' -^ dgPrCor ®<^ defined by the natural 



dgPrCor'^^ -^ dgPrCor^ (g) Q 
gives rise to a functor of DG categories 

RT{S, dgPrCor ff -^ RT{S, dgPrCor ^) ® Q, 

which in turn induces an equivalence of SmMot'^ {S)q with the idempotent com- 
pletion of SmMot'^ (S) (g) Q, as triangulated categories. 

Proof. This follows from proposition 4.3 and remark 3.3. D 

Remark 4.7. We note that the DG categories Rr{S, dgPrCor ) and dgSmMot'f 
are functorial in the regular scheme S*, as is the triangulated category SmMot^ (S). 
The same holds for the DG tensor categories RT{S, dgPrCor'^^^)® , dgSmMot'f^ and 
the triangulated tensor category SmMot'^ ('S')q- 

4.4. Lefschetz motives. In Proj/S, we have the idempotent endomorphism a of 
P^ defined as the composition 

vl^ S ^ P^. 

Since Cars is a tensor category, we have the object L := (P^, 1 — a) in Corg, as 
well as the nth tensor power L" of L and, for each X G Sm/S, the object X (g) L". 
We thus have these objects in the DG categories of correspondences dgPrCor^ and 
RT{S,dgPrCor)K 
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Definition 4.8. The DG category of Lefschetz motives over S, dgLCor°g , is de- 
fined to be the full DG subcategory of RT{S, dgPrCor ^Y with objects L'', d>Q. 
The DG category of effective mixed Tate motives is 



cff /^b / I r /^ cff\ 



dgTMofg := C\dgLCors 



The triangulated category of effect mixed Tate motives over S, DTMof^ (S), is 
the homotopy category K^{dgLCorf) = H^dgTMotf. 

We have parallel definitions of DG tensor categories and a triangulated tensor 
category with Q-coefficients. The DG tensor category of Lefschetz motives over S 
with Q-coefficients, dgLCorf^, is the full DG subcategory of Rr{S, dgSmMot f)^^ 
with objects finite direct sums of the L'^, d > 0, The DG tensor category of effective 
mixed Tate motive with Q-coefficients is 

dgTMotf^ := C\dgLCorf^), 

and the triangulated tensor category of effect mixed Tate motives over S with , 
DTMot°^{S)Q, is the homotopy category K^{dgLCorfi^) = H"dgTMot%%. 

5. Duality 

In section 6, we will give an extension of the moving lemmas of Friedlander- 
Lawson to smooth projective schemes over a regular, semi-local base. Before we do 
this, we give in this section the applications apply this to define a twisted duality 
for Hom-complexcs in RT{S,dgSmMot ), and extend this to a duality in various 
categories of motives. 

In this section S will be a regular scheme over a fixed base-field k. 

5.1. Equi-dimensional cycles. 

Definition 5.1. Let X and Y be smooth over 5, r > an integer. The group 
zf^„j(F, r)(X) is the free abelian group on the integral subschemes W C X Xs Y 
such that the projection W ^ X dominates an irreducible component X' oi X, 
and such that, for each x Cz X, the fiber W^ over x has pure dimension r over fc(x), 
or is empty. 

We let zf^„j(F, r)'=^(X) C z^g^^{Y,r){X) be the submonoid of effect cycles, that 
is, the free monoid on the generators W for zf j(y, r)(X) described above. 

For an 5-morphism f : X' ^ X , and for W E z^ ^{Y,r)(X), the pull-back 
cycle (/ X idy)*(M^) is well-defined and in z'^^,^^(Y,r){X'). Thus z'^^^^{Y,r) is a 
presheaf on Sm/S. For x E X E Sm/k, and for W G z^ ^{Y, r){X), we denote the 
pull-back i'^{W) by the inclusion i^ : x ^ X by W^. 

Suppose Y is projective over S, with a fixed embedding Y ^^ P^. Then we have 
a well-defined degree homomorphism 

deg:4„(r,r)(X)^i/0(Xzar,Z) 

which sends a cycle W G zf ^{Y, r){X) to the locally constant function on X 

X ^ deg{W^), 

where deg(Wa;) is the usual degree of the cycle Wx in P^. 
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For each integer e > 1, we let z^g^^{Y, r)'f {X) C zfq„j(y, r)°^(X) be the subset 
of ^f j(F, ry^{X) consisting of those W with deg(VF) the constant function with 
value e on X. We set 



We let -zf j(y, r)<e(X) C z^qui{Y,r){X) be the subgroup generated by the set 
zfquiiXi r)5? (X). Thus we have the presheaves of abelian monoids zfg^^{Y, r)l^{X) 
and z^^^^(Y, ry^^{X) , and the presheaf of abehan groups zf^^^{Y,r)<e{X). 

Definition 5.2. For X,Y in Sm/S*, define the cubical Suslin complex C^ (Y, r)* {X) 
as the complex associated to the cubical object 

n^z^g^,{Y,r){Xxsa"s), 

i.e. 

C^{Y,rnX) :- zf,„(r,r)(X Xg □s")/dcgn. 

FoT f -.X' ^ X, define 

r :C^(y,r)(X)^C^(r,r)(X') 
via the pull-back maps 

(/ X idn„)* : zf,„(y,r)(X X D") ^ zf,„(r,r)(X' x D"); 

this defines the presheaf of complexes C^{Y,r) on Sm/S. 

Suppose that Y is in Proj/5 and we are given an embedding Y ^^ ¥g over S. 
Let C^{Y,r)<e{X) C C^{Y,r){X) be the subcomplex corresponding to the cubical 
abelian group 

n ^ zf,„,(r,r)<e(X xs Dg) C zf,„,(r,r)(X Xg Dg). 
Remarks 5.3. 1. Suppose that Y is in Proj/5. Then 

c^iY,oyix) ^nonidgcorsi^^Yy, 

and C'^(y, 0) is the presheaf 7iomdgCors(—,^)* on Sm/S*. 

2. Let / : y ^ y be a proper morphism. Push-forward by the projection 
id X / : X X D" X F ^ X X D" X y defines the map of complexes 

MX):C-^Y,r){X)^C-^Y',r){X) 

giving us the map of presheaves /, : C^'{Y,r) -^ C^{Y\r). Thus Y h^ C^{Y,r) 
defines a functor from Proj/S* to complexes of sheaves on Sm/5. 

3. Correspondences act on z^ ^{Y,r){X), both in Y (covariantly) and in X (con- 
travariantly) . Thus sending {Y,X) to z^ ^{Y,r){X) extends to a functor 

4™(-'^)(-) ■■ C^^s X Cor°P ^ Ab 
We have a similar extension of the complexes C^ {Y, r){X) to 
C^(-,0(-) : Cors x Corf ~> C' [Ah) 
As Ab is abelian, the bi-functors z^^^^{—,r){—) : and C'^(— ,r)(— ) extend to the 
idempotent completion of Cors] in particular, the presheaves zf„^^{Y ®L",r) and 
C^(r0L",r) are defined. 
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Now take Y,X ^ Sm/5 with X ^t S cqui-dimcnsional of dimension p over 
S. Each integral W G zf ^{Y,r){U X5 X) gives us an integral subschcmc W of 
U X 5 X Xs Y which is cqui-dimensional of relative dimension r + p over some 
component of U . This defines the map of complexes 

■.C^{Y,r){UxsX)^C^{XxsY,r + p){U) 

X 

We can now state our main result, to be proven in §6. 

Theorem 5.4. Let S be a regular semi-local k-scheme, essentially of finite type over 
k. Then for all X^Y ^ Proj/5', U G Sm/5', with X ^ S of relative dimension p, 
the map 

I ■.C^{Y,r){UxsX)^C^{XxsY,r + p){U) 
Jx 

is a quasi-isomorphism. 

In addition, we will need a computation of C<,{Y x P",r) for r > n. Fix linear 
inclusions lj : P^ ^ P", j = 0, . . . , n. For each i,0<z<n<r, define the map 

a, : C'{Y,r- j){X) ^ C'{Y x P",r)(X) 

by sending M^ C y X5 X x D" to (i^ x idj^PJ x W). 

Theorem 5.5. Let S be a regular semi-local k-scheme, essentially of finite type 
over k. Then for all X,Y Cz Proj/S , and for r > n, the map 

n 

J2^j ■■ ®]=oCHY,r-j)iX) -^C^{Yx P",r)(X) 

is a quasi-isomorphism. 

Theorem 5.5 will also be proven in §6. As consequence, we have 

Corollary 5.6. Let S be a regular semi-local k-scheme, essentially of finite type 
over k. 

1. For Y G Proj/S", X G Sm/S" and n > 0, let 

^ : C^AY, r) (X) ^ C^(y ® L", r + n) (X) 

be the map sending T4^ C X x D" Xs ^ to T4^ x (P^)" C X x (P^)" x DgF. Then 
if is an isomorphism in D^(Ah). 

2. For Y, Z G Proj/S", X G Sm/S , with Y of dimension d over S, there are 
natural isomorphisms in D^ (Ah) 

C'^iY xs Z, r){X) ^ C^{Z ® iJ , r){X Xg Y). 

For Z = S Xk Zq, with Zq G Proj/A:, we have an isomorphism 

C^iZ ® L'', r){X Xs Y) ^ C^{Zo ® L^ r){p,{X Xg Y)). 

3. For X G Sm/S*, Y G Proj/S* and r > n > integers, there are natural 
isomorphisms in D^ (Ah) 

C"5(r, r){X ® L") = C"^(r, r + n){X). 
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Proof. For (1), the isomorphism 

C"^(y ® L", r + n)(X) ^ C^(r, r){X). 

foUows by induction and the projective bundle formula (theorem 5.5). Indeed, it 
suffices to define a natural isomorphism 

(5.1) C^(y«)L",r + l)(X)^C^(r®L"-\r)(X). 

Since the projection P^ -^ Specfc is split by the inclusion «oc : Specfc ^ P^, we get 
a direct sum decomposition 

C^{Y xF\r) ^C^(r,r)©C^(r®L,r) 

By induction, we have a similar direct sum decomposition of C^ {Y x (P^)", r) for 
all n; this reduces the proof of (5.1) to showing that 

C-^Yx (pi)"-i®L,r + l)(X) = C^(r X (P^)"-\ r)(X), 

which reduces us to the case n = 1. Comparing with the isomorphism 

ao + ai :C"^(y,r + l)©C^(y,r) ^C^(r xP\r + l) 

and noting that p^ o ai — 0, p^ o uq ~ id, we see that ai gives an isomorphism 

ai :C^(r,r)^C^(rcg)L,r + l), 

completing the proof of the first assertion. 

The first isomorphism in (2) follows from the first assertion and theorem 5.4: 

C"^(Z(g)L'',r)(X XsY) 9^C^'{Y XsZ(^'L'^,d + r){X) 9^ C^{Y Xs Z,r){X). 

For the second isomorphism, C-5(Z L^,r)(X XsY) = C*=(Zo ® L'', r)(X XsY), 
since we have the isomorphism of schemes (over Spec k) 

T xs {S Xk Zo) xsPl = P.T Xk Zn Xk ¥l 

for all 5-schemes T. 

For (3), it suffices to prove the case n = I. By theorem 5.4, we have the quasi- 
isomorphism 

:C^{Y,r)iX x P^) -^ C'^ (Y xf>\r + 1){X). 



Since yxP-'^ ^ Y Q)Y (gih in Corg, and similarly for X x P^, we have the quasi- 
isomorphism 

: C^(y, r){X) © C"^(r, r){X ® L) ^ C^(y X P\ r + 1){X). 

Since L = (P^, 1 - iooP), the summand C'^{Y,r){X ^ L) of C^(r,r)(X x P^) is 
the image of id — p*i%^, which is the same as the kernel of i'^. Similarly, the map 
C^(y, r){X) ^ C'^{Y, r){X x P^) is defined by p*. Using the fiag C PHo define 
the quasi-isomorphism of theorem 5.5, 

ao + ai :C"5(r,r+l)(X)eC"5(r,r)(X) -^ C'^ (Y x P\r + 1)(X), 

the inverse isomorphism (in £'^(Ab)) is given by the map of complexes 

C^(y X Pi,r + l)yxoc.(^) ^^^^^ c^(r,r + 1)(X) ec^(y,r)(x). 
composed with the inverse of the quasi-isomorphism 

C^iY xF\r+ l)yxoo(^) ^ C^iY xP\r + 1)(X). 
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We note that the image of /pi lands in C^{Y x P^,r + I)yxoo(X), and sends 
C^{Y,r){X ® L) to keri;;^ and C'^{Y,r){X) to kerp*. Thus p* o J^^ defines a 
quasi-isoniorphism 



p.o ■.C^{Y,r){X(^h)^C^{Y,r + l){X), 

as desired. D 

Remark 5.7. For later use, we extract from the proof a description of the isomor- 
phism in corollary 5.6(2,3). In (2), the isomorphism is the composition of 



C^{Z(g>'L'^,r){X XsY) -^C^{Y Xg Z ® L^r + d)(X) 

'Y 

with the inverse of 

- X (Pi)" : C^{Y XsZ,r){X) -^C^{Y Xg Z (g)l.'^,r + d){X). 

To describe the map in (3), let p : F x P^ ^ y be the projection. We have the 
composition 

C^(r,r)(X xPi) ^C^(r xpi,r + l)(X) ^C"^(r,r + l)(X). 
Then the restriction oip^oj^^ to the summand C^ (Y, r)(X®L) of C^ (Y, r)(X xP^), 

P*o [ ■.C^{Y,r){X(^h)^C^{Y,r + l)iX), 



is the isomorphism in (3). Iterating, we have the map 

b*o / ]":C^(y,r)(X®L")->C"5(y,r + n)(X), 

Jpi 

giving the isomorphism in (3). 

For Y, Z <E Proj/S*, X G Sm/S', we have the natural map 

XsZ : zf^„,(r, r){X) ^ zf,„,(y XsZ,r){XxsZ) 

defined by sending a cycle VK on X x 5 y to the image oiW in XxsZxsYxsZ 
via the "diagonal" embedding X XsY -^ X Xs Z XsY Xs Z. This gives us the 
map 

XsZ : C^{Y,r){X) -^ C^ {Y XsZ,r){X Xs Z). 
Taking Z ~V^ and extending to the pseudo-abelian hull gives the map 

(g)L: C^{Y,r){X) ^ C^(y ® L,r)(X ® L), 
sending T4^ C X x D" X5 y to T4^ x Api C X x P^ x D" Xg y x P^. 

Corollary 5.8. Let S he a regular semi-local k-scheme, essentially of finite type 
overk. For X, y e Proj/S', the map <m^ : C^{Y,r){X) ^ C^ {Y ®l^,r){X ®l.) is 
a quasi-isomorphism. 

Proof. By the projective bundle formula (theorem 5.5), the map T4^ 1-^ M^ x P^ gives 
a quasi-isomorphism 

- xpi :C"^(y,r)(X)^C^(y®L,r + l)(X). 

By corollary 5.6(3) and remark 5.7, the map 

p,o f :C^(y®L,r)(X®L)^C^(y®L,r + l)(X) 
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is a quasi-isomorphism. Now, for W G C^ (Y,r){X), we have 

p* o f {W(»L)^p^o f {W X Api)^W x¥\ 

Jpi Jpi 

hence 

®L : C^{Y, r){X) -^ C^ {Y ® L, r){X O L) 
is a quasi-isomorphism. D 

5.2. Duality for smooth motives. The duahty results of the previous section 
extend to the category SmMot(S) and defines a duality on the tensor triangulated 
category SmMot{S)q. 

Proposition 5.9. Let S be a regular scheme, essentially of finite type over a field 
k. For X e Proj/S, the natural map 

is a quasi-isomorphism. 

Proof. Let p^,X G Sm/k denote the scheme X, considered as a fc-scheme via the 
structure morphism p : S* — > Spec/c. We have a canonical isomorphism 

Horn, p ^ s (X,]L'^y = nam,, „ „ ^ (p^X^L'^y, 
induced by the isomorphisms 

(Pi)| xs □§ xs X - {Plf Xk Dl XkP.X. 
On the other hand, the complex Tiom, „ „ & (p^,X,L,'^)* is just a cubical version 
of the weight d Fricdlandcr-Suslin complex of the fc-scheme p*X, hence we have 
isomorphisms [17] 

H''inom^^p^^.^^,^{p,X,h'r) ^ H^^+"{X,Z{d}) - CW'iX^-n). 

Since the higher Chow groups of smooth /c-schemes satisfies the Mayer- Vietoris 
property for the Zariski topology [2] , the presheaf of complexes on S 

U^Hom^^p^^^^,jXxsU,h''r 

satisfies the Mayer- Vietoris property on S'zar- Thus, by Thomason's theorem [16], 
the natural map 

is a quasi-isomorphism. Since RT{S,[U i-^ Tiom^ prCor' ^-^ ^s U,h'^)*]) is by 
definition equal to 'HomjiY(s.dgSmMot Y{X^'^''')* i the result is proven. D 

Following remark 1.14, the tensor structure on Cars extends to an action of 
Cars on the presheaf of DG categories dgSmMot giving us an action of Ccn-g on 
the DG categories RT{S^ dgSmMot )^ and dgSniMot'g . Thus, we have an action 
of Corg on the triangulated category SmMot^ (S): 

(g) : Carl ® SmMof'^^iS) -> SmMof'^^iS). 
In particular, each object A G Cor^ gives an exact functor 

{-)(g)A: SmMof^{S) -^ SmMof^{S) 
sending a morphism f : X —fY \n SmMof^{S) to f ®iA: X ® A ^Y ® A. 



44 MARC LEVINE 

Theorem 5.10. Let S be a regular scheme, essentially of finite type over a field k. 

1. Let X, Y and Z he in Proj/S, d = dimsY . Then there is a natural quasi- 
isomorphism 

'Horn FCC (S.,dgS7nMo^^){X,Y X5Z)* ^ Wom^r(S.dgSmMotg)1 (^ XsY,Z ®l/)* 

2. Let X and Y he in Proj/5, d — dinisY , and take Z in Proj/fc. Then there is 
a natural quasi-isomorphisni 

'Homjir{s. dgSmMot j{X, Y XkZ)* ^ Hom^^g^j^^^t,^{p^{X x^ F), Z L'^)* 
,3. Let X and Y be in Proj/5. Then the map 

(g)L : Homjir{s, dgSmMot j{X, Y)* -^ HomRris^ dgSmMot jii {X (^'L,Y (g)]L)* 

is a quasi-isomorphism. 

Proof. For X, F g Proj/5, let HonidgSmMot {X, Y) denote the Zariski sheaf on S 
associated to the presheaf 

U 1-^ HomdgSmMot^{Xu,Yu)*; 

extend the notation to define the sheaf 'Hom^ g^^^^^t, {X, Y ® L''), etc. 
From corollary 5.6 and remark 5.7, we have isomorphisms in D^ {Shg^'') 

Uorn dgSniMot ^jX^Y y-s Z)* ^ Horri dgSmMot ^ (X x s Y, Z (^ L,"^)* 

and 

(8)L : Honi dgSmMot ^ {X, Y)* —> Uom, dgSmMot \ (X ®l.,Y ®V)* 

These induce isomorphisms (in D(Ab)) after applying T{S,G*{—)) = RV{S,—), 
proving (1) and (3). (2) follows from (1), noting that we have the isomorphism of 
HonidgSmMot {X XsY,S Xk Z ^h"^)* with the constant sheaf (on S'zar) with value 
'^^''^dqSmMot'' iP*iX xs Y), Z (g) L'')*, and that for a constant sheaf of complexes 
T on S'zar, the natural map 

is an isomorphism in D{Ah). D 

Definition 5.11. The DG category of motives over S, dgSmMotg, is the DG 
category formed by inverting ®L on dgSmMot'g . The triangulated category of 
motives over S, SmMot{S) is the triangulated category formed by inverting (giL 
on SmMot'^ (S) (we will see in corollary 5.14 below that SmMot{S) has a natural 
triangulated structure) . 

Explicitly, dgSmMotg has objects X (g) L", n e Z, X in dgSmMot'f\ with 

nomdgSmMot, (X ® L", y <g L")* := 1™ Hom^ ^^^^^ef^ [X (g> L^+", F (g> L^+™)* 

N 

Similarly, SmMot(S) has objects X (g) L", n e Z, X in SmMof^iS), with 
Hom5„Mot(5)(^ ® L", i" ® L")* := limHoms„Mot<^«(S)(X §5 L^+", y ® L^+")*. 

N 
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Remarks 5.12. We can also invert Cg)L on dgPrCor^ for all open U C S, giv- 
ing us the presheaf dgPrCor^^L"^] on Szar, and the associated DG category 
Rr{S,dgPrCor\^[iE)I^^^])- We have an isomorphism of DG categories 

RT{S,dgPrCorl[(E>h-^]) = Rr{S, dgPrCor ^)^[(g)L-^]). 

2. Inverting ®L on the various Lefschetz/Tatc categories of definition 4.8 gives 
us fuU sub-DG categories dgLCorg, dgTMot{S) of RV{S, dgPrCor ^^[m.-^]) and 
dgSraMotg, resp., with 

dgTMot{S) ^ C^dgLCorg), 

and the full triangulated subcategory DTMot{S) of SmMot{S). 

With Q-coefficients we have the analogous DG tensor sub- categories dgLCorgq, 
dgTMotg^ oi RT{S, dgSmMot f')'^\(i)l.-^]), dgSmMotg, resp., with 

dgTMotg^ = C'idgLCorsq), 
and the full tensor triangulated subcategory DTMot(S)Q of SmMot{S)Q. 
Theorem 5.13. For X,Y E dgSmMot'g , the natural map 

is a quasi-isomorphism, and the natural map 

^o^SmMot-ff{S)iX,YM) -^ iioms^Mot(s){X,Y[n]) 
is an isomorphism for all n. Furthermore, the isomorphism 

H^Hom^^g^j^^^.m (X, ¥)* ^ Hom5„Mot<=«(5)t (^: ^W) 
induces an isomorphism 

H^'HorndgSmMots (X ® LP, r ® L")* = Homs„Mot(5)(^ ®lI,Y®V^[n]). 
for each n,m,p Cz Z. 

Proof. For X,Y (z Proj/5, the first assertion is theorem 5.10(2). Since dgSmMot'^g 
is generated by Proj/S* by taking translation, cone sequences and isomorphisms, 
the first assertion for X,Y <E dgSmMot'^g follows; this immediately implies the 
result for dgSmMot'g \ 

Since cohomology commutes with filtered inductive limits, we have the isomor- 
phism 

H"'HomdgS7nMotsiX,Y)* = HomsmMotiSjiX^YM)- 
as claimed. Thus the first assertion implies the second. D 

As immediate consequence we have 

Corollary 5.14. 1. SmMot{S) is equivalent to the idempotent completion of 
H'^dgSmMotg. In particular, SmMot{S) has the natural structure of a trian- 
gulated category. 

2. The canonical functor SmMof (S) -^ SmMot{S) is an exact fully faithful 
embedding. 
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Remark 5.15. We can similarly invert (gilL on the DG tensor categories dgCovg , 
RT{S,dgPrCor^J')^^ and dgSmMot'g^, and on the tensor triangulated category 
SmMof^{S)Q>. Setting 

dgSmMotsq := dgSmMotf^[(g,'L''^], SmMot{S)Q := SmMof^{S)Q[(gi'L''^], 

this gives us the DG tensor functor dgSmMot^^in — > dgSmMotgQ, and the ex- 
act tensor functor SmMot'^ {S)q -^ SmMot{S)q. The analogs of theorem 5.13 
and corollary 5.14 hold in this setting. Similarly, the analog of theorem 5.13 and 
corollary 5.14 hold for the respective subcategories of Tate motives. 

5.3. Chow motives. We recall the definition of the category of Chow motives over 
S. 

off' 

Definition 5.16. Let S" be a regular scheme. Let ChMot (S) be the category with 
the same objects as Proj/S", and with morphisms (for X ^ S oi pure dimension 
dx over S) 

The composition law is the usual one of composition of correspondence classes: for 
^ ^ Hom^^^^^.«(^j(X,r), W G Homp^^^^^eff(^^(y,Z), define 

W'oW:= pMpUW) -xyzpUW')), 
where pij is the projection oi XxsYxsZ on the ij factors. The operation of 

cff 

product over S makes ChMot (S) a tensor category. Sending f : X ^ Y to the 
graph of / defines a functor 

eff 

rhs : Proj/S -^ ChMot (S). 
The category ChMot" (S) of effective Chow motives over S is the idempotent 

cff 

completion of ChMot (S). We let L = (P^, 1 — ioo°p), and define the category of 
Chow motives over S as 

ChMof'^iS) := ChMot''^{S)[(g>h-^]. 

Take X, y G Proj/S. By theorem 5.10 and [17], we have the isomorphism 

Hom5.„Af„tctt(s)(X,r) = H°HomBT(S,dgSrnMot^){X,Y)* 

= H°HomdgSmMot,ip*iX XsY),h''^y =H^''^iX Xsr,Z(dy)) 

- CH,,(X XsY) = Homc„Mot-(5)(^,>^)- 
which we denote as 

Lpx,Y ■■ Hom5.„^^„tctt(s)(X,r) -^ HomchMot-''(s){X^^)- 
Lemma 5.17. (/?*, respects the composition: for X,Y, Z G Proj/S*, 
/ G Homs„jv^„tcff(s)(X, r), g G Homs„jv^„t-«(s)(^> Z), 
we have 

fx.zig ° /) = fY.zig) o ifx.yif)- 
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Proof. If / is in the image of zfj„(r,0)(X) -^ Romg^M^tai^g^{X,Y) and g is in 
the image of z^ -{Z,0){Y) -^ Hom5^j;^Qjetf(5-,(F, Z), the result is obvious, so it 
suffices to show that 

4„(y,0)(X) ^ l{omsraMot^'HS)iX,Y) - CHrf^ (X xsY) 

is surjective for all X,Y E Proj/5; this is lemma 5.18 below. D 

Lemma 5.18. Take X G Sm/5' of dimension dx over S. For Y G Proj/S*, , the 

map 

z%u^{y,r){X) ^ CHrf,+,(X xs Y), 
sending a cycle W on X XsY to its cycle class, is surjective for all r > 0. 

Proof Take a locally closed immersion X X5 F in a projective space P^ and let 
T C P^ be the closure oi X XsY. Let 7 be a dimension dx+r cycle on X x 5 y and 
let 7 be the closure of 7 on T. By [9, theorem 1.7], 7 is rationally equivalent to a 
cycle 7' such that each component of 7' intersects the cycle xxY properly on T, for 
each point x G X (note that x xY is closed on T/^ix) ^iid is contained in the smooth 
locus of Tj,(j,)). Thus, the restriction 7' of 7' to X X5 y is rationally equivalent 
to 7 and is in the image of zf ^(y, r)(X) -^ Clldx+r{X xg Y), completing the 
proof. D 

Thus, we have shown 

Proposition 5.19. 1. There is a fully faithful embedding 1/'°^ : ChMot^ {S) -^ 
SmMot'^ (S), such that the diagram 

Proj/S* )■ ChMof^(S) 

SmMof^{S) 
commutes, and such that 

V'"*^(X,y) : YlouichMot^^^(s){X.Y) -^ muismMot^^Hs){XX) 
is the inverse of the isomorphism ipx,Y- 

2. tp extends to a fully faithful embedding tp : ChMot{S) — > SmMot{S). 

3. The maps tp and tp are compatible with the ® action of Cars- Also, the maps 
i;"^ : ChMof^{S) -^ SmMof^{S)Q, tp"^ : ChMot(S) -^ SmMot(S)Q induced by 
ip and tp are tensor functors. 

Lemma 5.20. For X G Proj/S, there are maps 

Sx ■■l^'^ -> X (SX; ex ■■ X(g)X (^h"^ 
in SmMot'^ (S) such that the composition 

X ® L^ i^^M^ X^X^X ^^®^ h'i^X^X^h'i 
is the identity. 
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Proof. By proposition 5.19, it suffices to construct 6x and ex in C'hMot(S). Iden- 
tifying iiomchMot(s)(^'^ , X X) with the appropriate summand of CHd((P^)'' ^ 
X Xs X), Sx is represented by the cycle x Ax- Similarly 

ex e RomchMotis)iX^X,i.^) C CR2d{X Xs X x (P^) 

is represented by the cycle Ax x (P^)''; the desired identity is a straightforward 
computation. D 

Finally, we have the duality theorem: 

Theorem 5.21. Sending X G Proj/5 of dimension d over S to X^ := X ® L"'' 
extends to an exact duality 

D : SmMotiS)'^ ^ SmMotiS)^. 
Proof For X G Proj/5, the maps Sx and ex define maps 

5x :S^X(^{X®h-'^''): ex : (X ® L"'') ® X ^ S*. 

The identity of lemma 5.20 tells us that {X eg) 'L~'^,5x,£x) defines a dual of X 
in SmMot{S)Q. Since SmMot{S)q is generated by the Tate twists of objects in 
Proj/5' (as an idempotently complete triangulated category), this implies that 
every object of SmMot{S)iQ admits a dual (see e.g. [15, Part I, Chap. IV, theorem 
1.2.5]). Since a dual of an object in a tensor category is unique up to unique 
isomorphism, this suffices to define the exact tensor duality involution D. D 

6. Moving lemmas 

We proceed to extend the Friedlander-Lawson-Voevodsky moving lemmas to the 
case of a semi-local regular base scheme, and use these results to prove theorem 5.4 
and theorem 5.5. 

6.1. Friedlander-Lawson-Voevodsky moving lemmas. The Friedlander-Law- 
son moving lemmas [9] are applied in [10] to prove the main moving lemmas and 
duality statements for the cycle complexes of equi-dimensional cycles. This involves 
a two-step process: one moves cycles on P" by one process (which we will not need 
to recall explicitly) and then one uses a variation of the projecting cone argument 
to extend the moving process to a smooth projective variety. The main result 
following from the first step is 

Theorem 6.1 ([10, theorem 6.1]). Let k be a field, and n,r,d,e integers. Then 
there are maps of presheaves abelian monoids on Sm/k 

H^ : Ze',„.(P",r)(C/) - 4-(P",r)(C/ X A') 
such that 

(1) There is an integer m > such that 

io°H+ = (m+l)- id^fc^^^(p„ ,.)(y) 
io o H^ = m ■ id^fc^^^ (,„,,)([;) 

where io : U ^' U x A^ is the zero-section. 
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(2) Let i^ : Spec A:' -^ U x A^ \ {0} be a k' -point of U x A^ \ {0}, where 
k' D k is some extension field of k. Then for each W G ^equii^" > ^)<d(^')j 
Z e z^q„,(P", r)|*f^(C/), with 0<r,s<n, r + s>n, the cycles x*(H^(Z)) 
and W intersect properly on f^, . 

The second step involves the projecting cone construction, which enables one to 
go from moving cycles on P" to moving cycles on a smooth projective X C P^ of 
dimension n. We first recall the situation over a base-field k. 

Let Do, . . . , Dn C P^ be degree / hypersurfaces, and let Fq, . . . , F„ be the 
corresponding defining equations. If X n I?o n . . . n £>„ = 0, then 

i^ := (Fo : . . . : F„) : P^ \ n^^oA ^ P" 

restricts to X to define a finite surjective morphism 

Fx -.X ^F"- 

For Z an efi^ective cycle of dimension r on X, we thus have the effective cycle 
F^{Fx*(Z)), which can be written as 

F^{Fx*{Z)) ^ Z + RpiZ) 

for a uniquely determined effective cycle Rp(Z) of dimension r. Sending Z to 
Rf{Z) thus gives a map 

Rf : z^^^iX^rf'ik) -> z.^.l^, r)°«'(fc). 

Let Ux{d) be the open subschcmc of _ff°(P^, ©(d))" consisting of Do, • • • , -Dn 
such that n"^Q r\ X = %. It is easy to see that the complement of Ux{d) in 
_ff°(P^, ©((i))" is a hypersurface (in fact, the defining equation of this comple- 
ment is exactly the classical Chow form of X , whose coefficients give the Chow 
point of X in the Chow variety of dimension n, degree degX effective cycles on 

For F G Ux{f), let ramx(-F) C X be the ramification locus of Fx- Choose 
integers /o,...,/„ > 1 and let TZx{d*) C YVi^a^x{di) be the open subscheme 
consisting of those tuples {F" , . . . , F""), F' :^ {F^ : . . . : F^) € Ux{di) for which 

nr=oramx(F')=0. 

Remark 6.2. It follows from Bertini's theorem that, if d^ > 2 for all i, then TZx{d*) 
is a dense open subscheme of YVi=a^xi^i) (even in positive characteristic). 

The next moving result is a translation of [9, proposition 1.3 and theorem 1.7]. 

Proposition 6.3. Let X C P^ be a smooth closed subscheme of dimension n. Fix 
dimensions < r, s < n with r + s > n and a degree e > 1 . Then there is an 
increasing function 

G :- Gr^s,N,e^x : N ^ N, 
depending on X and the integers r,s,N and e, and, for each d* := (do, . . . ,dn), 
there is a closed subset Bx{d*, e, r, s)) of TZx (d^) , such that the following holds: Let 
k' be a field extension of k, and take F'^, . . . , F" G TZx{d*){k') \ Bx(d*, e, r, s)(k'). 
Suppose that do > G{e) and di > G{df_i ■ e) for i — 1, . . . , n. Then 

(1) For each pair of effective cycles Z, W on X^i with Z of dimension r, W of 
dimension s and both having degree < e, the cycles W and Rx{F") o . . . o 
Rx{F'^){Z) intersect properly on X^' . 
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(2) Let Z,W be a pair of effective cycles on Xk' with Z of dimension r, W of 
dimension s and both having degree < e. Then for every j ~ 0, . . . ,n, the 
cycles W and (Fx-^x*) ° • • • ° {Fx'-^x*)i^) intersect properly on Xk' ■ 

Remark 6.4. If we have two closed subsets B3f (d, , e,r, s),i3^((i*, e,r, s) satisfying 
the conditions of proposition 6.3, then the intersection Bx{d^, e, r, s)^\Bx{d-^,, e, r, s) 
also satisfies proposition 6.3. Thus, without loss of generality, we may assume that 
Bx{d^,e,r) is the minimal closed subset of TZx{d*) satisfying the conditions of 
proposition 6.3. 

Assuming this to be the case, we have the following description of Bx{d^, e, r): 

Bx{d^,e,r) ^{F* := (F", . . . ,F") e 7^x(rf,) | 3 an extension field k' D fc(F*), 

Z e Zeqm{X,r)f^{k'),W e Zeqm{X,s)f^{k') such that either 

1. W and RxiF") o . . . o Rx{F'^){Z) do not intersect properly on 

Xk' 
or 

2. W and Z intersect properly on Xk' and Z -x^, W is in 

ZequiiX, r + s — n)'^^(fc'), but this is not the case for 

W and iF^x*Px*) ° • • • ° (^x ^x*)(^) for some j, < j < n.} 
To see this, it suffices to see that the set described is closed; for this it suffices to 
see that this set is closed under specialization. This follows from the fact the the 
Chow varieties parametrizing effective cycles of fixed degree and dimension on X 
are proper over k. 

6.2. Extending the moving lemma. We now consider the two moving lemmas 
in the setting of a smooth projective scheme over a regular base-scheme B. The 
extension of the first moving lemma is a direct corollary of theorem 6.1. 

Corollary 6.5. Let k be a field, and n, r, d, e integers, B a regular k-scheme, 
essentially of finite type over k. Then there are maps of presheaves of abelian 
monoids on Sm/_B 

iJ± : zf,„(P'^,r)<=«(L/) ^ zf,„(P'^,r)°ff(L/ x A^) 

such that 

(1) Let io : U ^ U X A^ be the zero- section. There is an integer m > such 
that 

i*oH+ = {m+l)- id^fc_^^^(p„ ,,)(^;) 

(2) Let i : T ^ U X A^ \ {0} be a morphism of B-schemes. Then for each 
W e <„(P'^,5)f,(r), Z e z^,^^,ir,r)f^{U), wtthO< r,s<n, r+s > n, 
the cycles i*{H^{Z)) and W intersect properly on P^. 

Proof. First of all, it suffices to prove the result if B is of finite type over k. Let 
p : B ^ Spec k be the structure morphism and p, : Sm/B -^ Sm/fc the base- 
restriction functor, p* : Sm/k -^ Sm/B the pull-back functor p*{Y) := Y Xk B. 
Then we have the evident identifications 

Ze<,min,r){U) - z',{Pl,r){pM), 
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r± 



induced by the canonical isomorphism U Xb P^ — P*U x kF^^ ■ Thus the maps Hr^^ jj 
given by theorem 6.1 give rise to maps 

which clearly satisfy our condition (1). 

For (2), if we have two cycles A e z^g^,{P%,rf^{T) and A' e ^i^„(P|, sy^{T) 
such that, for each point t G T, the fibers t*{A),t*{A') intersect properly on P", 
then A and A' intersect properly on Tx^Pb and A- A' is in zfg^i{F%, r+s-n)°"'(T). 
This, together with theorem 6.1(2), proves (2). D 

Take X G Proj/_B with a fixed embedding X ^-> P^ over B. For each b € B, 

let CxM) = P(^°(Pf ,C(d)))"+^ \Wx,(d). Let V c Fioj B{p^O{d))"+^ x P^ be 
the incidence correspondence with points {(/o : ... : fn,x) \ x G n"^(/i = 0)}. 
Let Cxid) =pi(ynp:^\X), and let Uxid) = F{p^O{d)))"+^\Cx{d). Then clearly 
Cxid) C P(iJ°(Pf , 0(d)))"+i is a closed subset with fiber Cx,{d) over be B, hence 
Uxid) has fiber Ux^{d) over b e B. 

Let Fd : Ux{d) Xb X ^ Ux{d) x^ P" be the Wx(d)-morphism parametrized by 
Ux{,d), i.e., Fd((/o : ... : fn),x) := ((/o : . . . : /„), (/o(a;) : ■■■Jn{x))). We have 
the ramification locus vau\x{F)u C Ux{d) Xb X. 

For a sequence d, := (doj • • • , ^n), let 

Wx(d,) ■.= Ux{do) Xb ... XBUx{dn) 

let Pi : Uxidr) -^ Ux{di) be the projection, and let ^^^((iH.) C Uxid,,) x^ X be the 
intersection n"^Q(pi x idx)~^(ramx(-FdJw)- Finally, let (^ : Ux{d*) XbX ^ Ux{d*) 
be the projection and set 

■Rx{d,) ■.= Ux{d,)\q{Tx{d,)) 

Clearly TZx{d^,) is an open subscheme oiUxid*) with fiber TZx^id*) over b E B. 
Each _F G Ux (d, ) (i?) thus determines a finite B-morphism 

^x : X ^ P'^ 

and gives rise to the map 

RF:z^{X,ry^-^z^{X,ry^ 
with 

f;,{Fx.){z) ^ z + Rpiz) 

for each Z G z^{X,rf*^. 

Lemma 6.6. Fix integers e, r, s and a sequence of integers do, . . . , rf„, wii/i di > 2, 
< r, s < n, r + s > n and e > 1. For each b €z B, we have the closed subset 
t3xi{d*,e,r) of TZxtid*) C TZx{d^) given by proposition 6.3; we assume following 
remark 6.4 that Bx^{d^,e,r) is minimal for each b. Let 

Bx{d*,e,r,s) := Ubes^x^Cc^*, e, r, s). 

Then Bx{d*,e,r, s) is closed in TZx{d^). 

Proof Let 6 ^ 6' be a specialization of points of i?, x a point of Bx^id*, e, r), and 
X ^ x' an extension of & ^ 6' to a specialization of x to a point of Tlx^, (rf*). It 
follows from the description oiBx{d^, e, r, s) in remark 6.4 that x' is in Bx^, (d, , e, r), 
proving the result. D 
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Recall the function Gr,s,N,e,x : N ^ N from proposition 6.3, defined for X G 
Proj/fc, with a given embedding X ^^ P^, and integers r,s,e. If now we have 
X € Proj/B with a given embedding over B, X '-^ P^, let bi,...,bm be the 
closed points of B and define 

Gr,s,N,e.xim) :== ma.Xi{Gr,sM.e.Xt^im)}. 

Proposition 6.7. Let B be a semi-local regular k-scheme, with k an infinite field. 
Take X in Proj/_B of relative dimension n over B , with a fixed closed immersion 
X '-^ P^ over B. Fix dimensions < r,s < n and a degree e > 1 with r + s > n and 
let G := Gr,s,N,e,x- Then for all tuple of integers do, . ■ . ,dn with do > G{e), di > 
G(df_i-e) fori^ l,...,n, there is a point (F" , . . . ,F") G nx{d^){B)\Bx{d.^){B). 

Proof. We note that the fiber of TZx{d*) over 6 G i? is TZx^id^,) and similarly 
for Bx{d*). Then TZx{d*) \ Bx{d^) ^ B is an open subschemc of the product 
of projective spaces nr=oP'^°JB(?'*^P"('^«)) '^^^'^ ^' ^y proposition 6.3, the fiber 
TZx{d*) \ Bx{d*)h is non-empty for each closed point b of B. As k is assumed 
infinite, B has infinite residue fields over each of its closed points. Thus, for each 
closed point b of B, there is a fc(&)-point F^ in TZx{d^)b \ Bxid*)b- Since B is 
semi- local, there is a B-point F* of Yl^^o^^'^i b{p*^p" (di)) with F*{b) ~ F^ for 
each closed point 6; F* is automatically a B point of TZx{d^,) \ Bx(d^,), using again 
the fact that B is semi-local. D 

Remark 6.8. Take (i^o,...,F") G nx{d^){B) \Bx{d^){B) as given by proposi- 
tion 6.7. Then for each _B-scheme T -^ B, and each pair of cycles 

Z G z^{X,rrl{T), W G z^(X, s)f,(r), 

the cycles W and Rx{F^) o . . . o Rx{F^){Z) intersect properly on Xt and the 
intersection W -Xt Rx{F") ° • • • o Rx{F^){Z) is in z^(X,r + s - nf^{T). 

Indeed, this follows from the fact that the operation Rx{F) is compatible with 
taking fibers, hence, for aU i G T, the cycles Wt and Rxt{Fp) o . . . o Rxt{F^){Zt) 
intersect properly on Xt. Thus W and Rx{F")o. . .oRx{F^){Z) intersect properly 
on Xt and the intersection W -Xt Rx{F") o . . . o Rx{F^){Z) is equi-dimensional 
(of dimension r -|- s — n) over T . 

Similarly, if W and Z intersect properly on Xt and W -Xt ^ is in z^{X,r + 
s - nf*^{T), then for each j ^ 0, . . . ,n, W and Zj := iF^x*Px*) ° (Fx^xJi^) 
intersect properly on Xt and W ■ Zj is in z^ {X, r + s — n)°^ (T) . 

We can now prove our extension of [10, theorem 6.3]. 

Theorem 6.9. Let k be a field, B a regular k-scheme, essentially of finite type 
over k, X E Proj/ B of dimension n over B with a given embedding X ^^ P^. Let 
r, s, e, d be given integers with e > 1, Q < r, s < n, r + s > n. Then is a map of 
presheaves 

equiK ^ J \^ J equt 



Hx.u ■■ zf„„(X,r)(;7) ^ z^„^,{X,r){U x A^); U G Sm/B, 



such that 

(1) Let io '■ U ^ U X A^ be the zero-section. Then Zq oHx.u — idx^ .{Xr){u)- 

(2) Let i : T ^ U X A^ \ {0} be a morphism of B -schemes. Then for each W G 
<»(^,s)f,(T), Z G z^^^,iX,r)%{U), with 0<r,s<n,r + s>n,the 
cycles i* {H X u {Z)) andW intersect properly on Xt andi*{Hxu{Z))-XT^ 

-^ ,{X,r + s-nr«{T). 
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(3) Let i : T — > [/ X A^ be a morphism of B -schemes and take 

with < r, s < n, r+s > n. Suppose that {pjj oi)* [Z) and W intersect prop- 
erly on Xt and [pij oi)*[Z) -Xt^ 'i'S in z^ ^{X^r + s — nY^{T). Then the 
cycles i*{Hx,u{Z)) andW intersect properly on Xt andi*{Hx.u{Z))-XTW 
istnz^g^,{X,r + s-nr^{T). 

Proof. The proof follows that in [10] and [9] . If fc is a finite field, we use the fact that 
k admits a infinite pro-/ extension fc; for every prime / prime to the characteristic, 
plus the usual norm argument, to reduce to the case of an infinite field. We may 
assume that B is irreducible. Thus for each b & B, the embedded subschema 
Xi, C P^ has degree dx independent of b. 
We denote the maps 

given by corollary 6.5 by H^{d), noting explicitly the dependence on the degree d. 
Similarly,we write m{d) for the integer m that appears in corollary 6.5(1). 

Choose some F* G TZx{d*){B) \ Bx{d*){B), as given by proposition 6.7. Let 
pu : U X A^ ^ U he the projection. We have the maps of presheaves 

Fi, :zf,„(X,r)f ^zf,„(P",rr/ 

and similarly without the degree restrictions. Also, for W G z^„j(X, s)°^(C/), 
^e 4„(P^,rrff(C7), W-uxsxF'^{Z) is defined and is in zf^„(X, s + r-nrff(;7) 
if and only if Fjf,(VK)-t/XBPS ^^ is defined and is in zf^„(P|, s+r-nf^{U). Finally, 
we note that, for Z G zf^Jx,r)f{U), Rf.{Z) is in <„(X,r)°f,„^_,)(;7). 
We now define a sequence of maps of presheaves on Sm/_B, 

Htu., : zf,„,(X,r)°«(t/) ^ z^^^,{X , rf^ {U x A^); U G Sm/B. 

Define the integers 5j inductively by 5q — e, and 

5, = {m{5,^^) + l)d^e5,^, 

for j > 1. These numbers have the property that, if Z is in zfg^^{X, r)'^g,{U), then 
{m{5j) + 1) • Rp, (Z) is in zf^„,(X, r)|%^^ (U). For Z G zf,„(X, rf^iU), define 

Hl^„{Z) := ^0* o H^{6o) o F^,{Z). 
For J = 1, . . . , n, let 

HiuA^) ■■= Px ° H^i^i) ° FI,SRf.-^ ° • • • ° Rf<Z)). 
Finally, we let 

Htu,n+liZ)^ph{RF- 0...0 RMZ)) 

^^<iH^,u,n+iiZ)^0- Set 

ri+l 

Hx,u{Z) := Y.{-iy{Hl^^^{Z) - H^,j^^{Z)). 
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Thus, U 1-^ Hx,u defines a map of presheaves on Sm/B 






Hx : 4„,(X,r) -. z,%(X,r)((-) x A^). 






We have 






^UH+u/Z)-H^,j/Z)) - <^ Fi-* o Fi.,(i?^.-i o . . . o Rp.{Z)) 

Rf^ o ...oRpa{Z) 


for j = 
for j = 
for j = 


= 

= 1, 
: n 


Since F^* o F^_^ = id + Rpj , and i;^ o {H^ - H^) = id, this implies that 




iIoHxm{Z) = Z 







for all Z G zf ^{X,r){U). This verifies the property (1). 

For (2), let i : T ^ f7 X A^ \ {0} be a morphism of i?-schemes, take W £ 
4«(^'^)fe(r) and Z e 4„,(X,r)f,(;7), with < r, s < n, r + s > n. Take 
j — 0, . . . ,n. By corollary 6.5 and our remarks above, the cycles i*{H-^ jj AZ)) and 
W intersect properly on Xt and i*{H%jj^.{Z)) -Xt W is in z^^^^iX , r + s - nf^ [T) . 
By remark 6.8, the same holds for j = n + 1. This proves (2). 

For (3), under the given assumptions for Z and W , it follows from remark 6.8 
that W and Z^ := i* oplj{Fj.* F^J o (F^*FjJ(Z) intersect properly on Xt for aU 
j — 0, . . . ,n. Since H^ ^ AZ) is effective and ig o H^ ^ (Z) plus some effective 
cycle is a multiple of F^^^xJ ° (Fx^xJiZ), (3) follows from (2). D 

Fix a field extension k' of k, and let Y C P^ be a closed subset. Let Cy{s, e) be 
the Chow scheme parametrizing effective cycles of dimension s and degree < e on 
Y. For i D fc' an extension field and W an effective dimension s cycle on P^ of 
degree < e, and with support in Yl, we let chow(VF) £ C(^s, e){L) denote the Chow 
point of W. 

For Y C P^, we have the relative Chow scheme Cy/b{s, e) -^ B, with (reduced) 
fiber over b G B the Chow scheme of Yi, C P^. 

Definition 6.10. For a fixed regular noetherian base-scheme B, take Y e Proj/_B 
and fix an embedding Y ^^ P^ over B. Let C C Cy/B(s,e) be any collection of 
locally closed subsets of Cy/b{s, e). 
Let 

4„,(r,r)c(X)cz,V(y,r)(X) 
be the subgroup generated by integral closed subschemes Z C X XbY such that, 

(1) Zisinzf^„,(y,r)(X). 

(2) Take W £ z^quii^^^TKei^) ^^i^ suppose that, for each x e X, the cycle 
i*(VF) on yfe(a;) has Chow point chow(VF) in C{k{x)). Then the intersection 
W -x XbY Z is defined and is in zf^^^iY, r + s — n){X). 

This defines the subpresheaf z^„j(F, r)c of z^„j(y, r). The subpresheaves 

etc., are defined similarly. 

We let C^{Y, r)c{X) C C^{Y, r){X) be the subcomplex associated to the cubical 
object 

n^z^^^,iY,r)ciXxD") 
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This gives US the presheaf of subcomplexes C^{Y, r)c C C^{Y, r). The subcomplex 
C^{Y,r)c^<e C C^{Y,r)<e is defined similarly. 

Theorem 6.11. Let B be a semi-local regular scheme, essentially of finite type over 
some field k. Take X £ Proj/_B of relative dimension n over B, and integers r, s, e 
with e > 1, < r,s < n, r + s > n. Fix an embedding X ^-^ Fg. Let C C Cx{s, e) 
be a collection of locally closed subsets. Then the inclusion C^ {X,r)c C C^{X,r) 
is a quasi-isomorphism. 

Proof Since 

C''{X,r)c = Ue>iC^(X,r)c,<e; C^(X,r) = Ue>iC^(X, r)<e, 

it suffices to show that the map 

C^{X,r)<, C^{X,r) 

'■ CB{X,r)c^<, ^C^(X,r)c 

induced by the inclusions C^{X,r)c^<e C C^{X,r)c and C^{X,r)<e C C^{X,r) 
gives the zero-map on homology. 
Let 

Hx : zf,u^iX,r) ^ 4„,(X,r)((-) x A^) 

be the map given by theorem 6.9 for the given values of r, s, e. By theorem 6.9(3), 
Hx restricts to a map 

Hx : ^e1«(X,r)c ^ zf,„,(X, r)((-) x A\ 

By theorem 6.9(2), il o Hx defines a map 

Gx:4„,(X,r)^zf,„(X,r)c 

and by theorem 6.9(1), Iq o Hx = id. 

Identifying U x A^ x^ X x D" with U Xb X x n"+-^ via the exchange of factors 

U xA^ xbX xD'' ->U xbX xD'' xA^ = U xbX X D"+\ 

(— l)"iJx gives us maps 

h-/^ : C^iX,r)Z - C^iX,r) — \ h'^l : C^{X,r)ll^ ^ C^{X,r)^-' 

and thus induces a degree -1 map 

C^(X,r)<e C^iX^r) 



h 



X 



CB{X,r)<,,c CB{X,r)c 



which gives a homotopy between the map i and the zero- map, completing the 
proof. D 

Theorem 6.11 allows us to prove theorem 5.4: 

Corollary 6.12. Let B be a semi-local regular scheme, essentially of finite type 
over some field k. Take X,Y lE Proj/i?, U G Sm/ B and let p = diniBX. Then 
for < r < diniBY , the map 

C^ {Y,r){U Xb X) ^ C^ {X XBY,r + p){U) 

X 

is a quasi-isomorphism. 
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Proof. Let s = dinisF. Fix cmbcddings of Y, X into some P^, with Y of degree 
e. The Segre embedding P^ x P^ ^ P^ gives us an embedding of X x_b F in P^ 
such that X xY has degree e for each x G X. Take C C CxxBY/B{s,e) to be the 
family of cycles x xY, x G X. Note that the map J^ identifies Zequi{Y, r){U Xb X) 
with Zf,gy^i(X Xb Y,r +p)c{U), and thus gives an isomorphism 

C^(y,r)([/ XbX) ^ C^(X Xb Y,r+p)c{U). 

X 

Since r + p + s > p + s = dinisX Xb Y, we may apply theorem 6.11 to conclude 
that the inclusion 

C^iX XBY,r+p)ciU)(lC''iX XBY,r + p){U) 

is a quasi-isoniorphism, completing the proof. D 

To complete this section, we prove the projective bundle formula. 

Proof of theorem 5.5. We proceed by induction on n. Let tt : F x P" ^ y be the 
projection. By theorem 6.11, the inclusion 

C^{Y X P",r){yxP"-i} C C^{Y X r\r) 

is a quasi- isomorphism for r > 1 Here P"^i c P" is the hyperplane X„ = 0. We 
have the intersection map 

ip^-l ■■ ZeqmiY X P", r){y xP—l} ^ Zequi{Y X P"-\ r - 1) 

and the cone-map 

Cp„(-) : z,qu^{Y X P"-i,r - 1) ^ z,qu^{Y x P",r)|yxP'.-i} 

where pq := {Q : . . . ^Q : \). Let io : Spec A: -^ P" be the inclusion of the point po 
and let tt : P" ^ Spec k be the projection. Let 

^ : P" X (A^ \ {0}) -^ P" 

be the multiplication map 

n{{xo :,...: .T„),t) := (xo : ... : Xn-i ■ te„). 

We have as well the natural transformation 

Hu ■■ ZeqmiY X P",r)|yxP"-i}(C^) ^ ZeqmiY X P" , r){y ^P-i } (t^ X Ai) 

which sends a cycle Z € Zequi(Y x P",r){yxP"-i}(t^) to the closure of /i*(Z). One 
checks that this is well-defined and satisfies 

iloHu ^ id2_^_^^^(yxP",r){y^p„_ij(;7); h)oHu ^ Cpg o i*„_i + ao o tt*, 

where ao = io*- As in the proof of theorem 6.11, the maps 

hu :- i-irHu : C^{Y x ¥\r)^Y.r^-^}{U) ^ C^+^Y x P", r){yxP"-i}(t/) 

define a homotopy between the identity and Cp„ o ip„_i + ao o tt.^. 

On the other hand, since pq D P"^i — 0, i*„_i is the zero map on the image of 
ofQ. Also, since Tr{Cpg{Z)) has dimension < dimsZ for any equi-dimcnsional closed 
subset Z oi Y Xb P"'""'^, tt* is zero on the image of Cpg. Finally, 

TT). o ao — id; ip„-i o Cp^ — id 

hence, for r > n > 1, 

ao + Cp, : C^(Y,r- n) ®C^iYx P"-i, r - 1) ^ C^(y x P",r){yxP"-i} 



E' 
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is a homotopy equivalence. By induction 
-1 
>j ■.C^(Y,r-j-l) ^C^(y xP"-\r-l) 

3=0 

is a quasi-isomorphism; since Cp^ o aj — Ofj+i (where we use po and the subspaces 
Cpg{¥^ C P"^^) for the flag of linear subspaces of P^ needed to define the maps 
aj), the induction goes through. D 

7. Smooth motives and motives over a base 

Cisinski-Deglise have defined a triangulated tensor category of effective motives 
over a base-scheme 5, DM° (S), and a triangulated tensor category of motives 
over S, DM{S), with an exact tensor functor DM^'^iS) -^ DM{S) that inverts 
(giL. In this section, we show how to define exact functor 

pf : SmMof^{S) -> DM'=^{S), ps : SmMot{S) -> DM{S) 

which give equivalences of SmMot'^ (S), SmMot{S) with the full triangulated sub- 
categories of DM'^ (S) and DM{S) generated by the motives of smooth projective 
S schemes, resp. the Tate twists of smooth projective S'-schemes. Working with 
Q coefficients, we have the same picture, with p^?, ps replaced by exact tensor 
functors 

pf^ : SmMof^iS)^ ^ DAe^{S)\^, psq : SmMot{S)ii ^ DM{S)l, 

giving analogous equivalences. 

7.1. Cisinski-Deglise categories of motives. We summarize the main points 
of the construction of the category DM"^ (S) of effective motives over S, and the 
category DM{S) of motives over S*, from [4]. Although S is allowed to be a quite 
general scheme in [4] , we restrict ourselves to the case of a base-scheme S that is 
separated, smooth and essentially of finite type over a field. 

Define the abelian category of presheaves with transfer on Sm/S*, PST{S), as 
the category of presheaves of abelian groups on Cors- We have the representable 
presheaves 1*^{Z) for Z G Sm/S* by I}^{Z){X) := Cors{X, Z) and pull-back maps 
given by the composition of correspondences. 

One gives the category of complexes C{PST(S)) the Nisnevich local model struc- 
ture (which we won't need to specify) . The homotopy category is equivalent to the 
(unbounded) derived category D{Sh'^^^{S)), where Sh'^^g{S) is the full subcategory 
of PST{S) consisting of the presheaves with transfer which restrict to Nisnevich 
sheaves on Sm/S. 

The operation 

Z's^iX) 0*/ Z's^iX') := Z's^iX Xg X') 

extends to a tensor structure (g)^ making PST{S) a tensor category: one forms the 
canonical left resolution C{T) of a presheaf T by taking the canonical surjection 

C,{T):= I}S{X)^T 

xesm/s,ser(x) 

setting J-i := ker(^o and iterating. One then defines 

T ®'S g := Ho{C{T) (^'^ c{g)) 
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noting that C{!F) ®*g ^{Q) is defined since both complexes are degreewise direct 
sums of representable presheaves. 

The restriction of 0^ to the subcategory of cofibrant objects in C(S'/i^ig(5)) 
induces a tensor operation ®g on D{Sh^^:^^{S)) which makes D{Sh*^^^{S)) a trian- 
gulated tensor category. 

Definition 7.1 ([4, definition 10.1]). DM'^ (S) is the localization of the triangu- 
lated category D{Sh*^ig{S)) with respect to the localizing category generated by 
the complexes Z*J'(X x A^) -> Z*/(X). Denote by ms(X) the image of Z*J'(X) in 
DM^^iS). 

Remark 7.2. 1. DM° (S) is a triangulated tensor category with tensor product 
(S^s induced from the tensor product (8)5 via the localization map 

Qs : DiSh'^.JS)) -> DM^'^iS), 
and satisfying ms{X) ^s ms{Y) ~ ms{X X5 F). 

2. There is a model category C{PSTf,i{S)) having C{PST{S)) as underlying 
category, defined as the left Bousfield localization of C{PST{S)) with respect to 
the following complexes 

(1) For each elementary Nisnevich square with X G Sm/S: 




one has the complex 

Z*s'-(X' \W)-^ 1}^{X \W)® TL%{X') -^ TL%{X) 

Recall that the square above is an elementary Nisnevich square if / is 
etale, the horizontal arrows are closed immersions of reduced schemes and 
the square is cartesian. 
(2) For X e Sm/S, one has the complex Z*^{X x A^) -^ Z*g{X). 

The homotopy category of C{PSTai{S)) is equivalent to DA'P^iS). 
Definition 7.3. Let T**" be the presheaf with transfers 

T'"- := coker(Z*/(5) ^^^ ^'si^s)) 
and let Zs(l) be the image in DM°^{S) of r*''[-2]. Let 

®r*'' : C{PST{S)) -^ C{PST{S)) 
be the functor C ^C »*/ T*^ 

Let Spt2.tr(S') be the model category of (X'T*'' spectra in C {P ST j^i {S)) , i.e., 
objects are sequence E := {Eq,Ei, . . .), En e C{PST{S)), with bonding maps 

e„ : En ^g T ^ —* En+l- 

Morphisms are given by sequences of maps in C{PST{S)) which strictly commute 
with the respective bonding maps. 

The model structure on the category of T*''-spectra is defined by following the 
construction of Hovey [12]. The weak equivalences are the stable weak equivalences: 
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for each E G Sptytr(5) there is a canonical fibrant model E -^ E^ , where E-f := 
{E^,E(, . . .) with each El fibrant in C{PSTf,i (S)) and the map 

El^Hom{T'^,E[^,) 

adjoint to the bonding map El (g)^ T**" -^ eIj^-^ is a weak equivalence in the model 

c&iegovy C{P ST t^i{S)). 

Definition 7.4. The category of triangulated motives over S, DM{S), is the ho- 
motopy category of Spt2ntr(5'). 

We will use the following results from [4] . 

Theorem 7.5 ([4, section 10.3, corollary 6.12]). Suppose that S is in Sm/k for 
a field k, take X in Sm./ S, and let mk{X), ms{X) denote the motives of X in 
DM(k), DM{S), respectively. Then there is a natural isomorphism 

YLoTauM(S){ms{X),'L{n)[m]) = Hom£,M(fc)(wfc(X), Z(n)[m]) 

In addition, the natural map 

limHom£,M-ff(5)(™s(^)®^(^)'^(" + ^)H) ^ ^o^DM{s)(jns{X),'L{n)[m]) 

N 

is an isomorphism. Finally, the cancellation theorem holds in this setting: the 
natural map 

Hom^M'=ff(s)(™s(^),^(»^)H)] -^ Hom£,Afctt(5.)(ms(X) ® Z(l),Z(n + 1)[to]) 
is an isomorphism. 

Remarks 7.6. I. By [17] }ioTa]j]^,jij^\{mk{X),'Z,{n)[m\) is motivic cohomology in the 
sense of Voevodsky [18, chapter V], that is 

UouiDMik) imkiX),Z{n)[m]) = H"^{X, Z{n)) = CH"(X, 2n - m). 

In fact, this follows immediately from [17] in the case of a perfect field; the general 
case follows by using the usual trick of viewing a field fc as a limit of finitely 
generated extensions of the prime field fco, and the fact that, for a projective systems 
of schemes Sa with affinc transition maps, the functor 

Sa ^ liomDMis){mSa,{XsJ,Hn)[m]) 

transforms the projective limit liiaSa to the inductive limit (see [6, prop 4.2.19]). 

2. The isomorphisms in theorem 7.5 are proven as follows: Let p : S —> Specfe 
be the (smooth) structure morphism. The limit argument mentioned above re- 
duces us to the case of fc a perfect field. The restriction of base functor induces an 
exact functor 

pj : DlVP^iS) -^ DM°^{k) 

and the pull-back X i-^ X Xk S induces an exact functor 

p* : DlVP^{k) -^ DAr^{S), 

right adjoint topj. In addition, one hasp*(Z(n)) = Z(n), andpu(TOs(X)®Z(A^)) = 
mkip*X) ® Z{N) for X £ Sm/S, TV e Z. We have similar functors on DM{S), 
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DM{k). Thus, wc have 

Hom^M-ff (S) (ms (X) Z(7V), Z(n + TV) H) 

= HomcM<=«(5)('™s(^) ® I'{N),p*Z{n + N)[m]) 
= Hom^M<^«(/c)(Ptt(w5(^) ® Z(iV)),Z(n + N)[m]) 
^ HomoM<^ff(;,)(mfe(p,X) ® Z(iV),Z(n + N)[m]), 

and similarly with DM° replaced by DM . This already proves the first iso- 
morphism. For the next two, the above isomorphisms reduce us to the case of 
S = Spec/c. Also, DM^'^ik) is a fuU subcategory of DM''^. Finally, Voevodsky's 
identification of motivic cohomology with the higher Chow groups [17], together 
with the projective bundle formula, gives the limited version of the cancellation 
theorem we need to finish the proof. 

7.2. Tensor structure. The tensor structure on C{PST{S)) induces a "tensor 
operation" on the spectrum category by the usual device of choosing a cofinal 
subset N C N X N, i H^ (rii, mi), with rii+i + rrii+i = n^ + rrii + 1 for each i: each 
pair of T*'' spectra E := {Ea^Ei,...) and F := {Fo,Fi,...) gives rise to a T*'' 
bispectrum 



/ 



\ 



E H*J F := 



. . E, (g)*s^ Fj . . 
V : J 



with vertical and horizontal bonding maps induced by the bonding maps for E 
and F, respectively. The vertical bonding maps use in addition the symmetry 
isomorphism in C{PSTj^i (S)). Finally, the choice of the cofinal N C N x N converts 
a bispectrum to a spectrum. 

Of course, this is not even associative, so one does not achieve a tensor operation 
on Sptj.tr (S*), but &g (on cofibrant objects) does pass to the localization DM{S), 
and gives rise there to a tensor structure, making DM{S) a tensor triangulated 
category. We write this tensor operation as (^s, as before. 

Remark 7.7. One can also define a "Spanier- Whitehead" category DM (S) by 
inverting the functor — (gjT*'" — — ® Z5(l)[2] on DM"^ (S); this is clearly equivalent 
to inverting — ® Z5(l). Concretely, DM (S) has objects X{n), n e Z, with 
morphisms 

Hom£,MS-w(s)(X(n), y(TO)) := limHom^Afcft(s)(X » Zs(iV + n), F ® Zs(iV + m)). 

N 

Sending X to X{n) clearly defines an auto-equivalence of DM (5). 

DM (S) inherits the structure of a triangulated category from DM° (S) , by 
declaring a triangle T in DM (S) to be distinguished if T{N) is the image of a 
distinguished triangle in DAf {S) for some A^ >> 0. One shows that the symmetry 
isomorphism Z5(l) (8) Z5(l) — > Z5(l) ® Z5(l) is the identity, which implies that 
DM^'^{S) inherits a tensor structure from DM''^{S). 

Since — ® T**" is isomorphic to the shift operator in DM{S), this functor is 
invertible on DM{S), hence DM°^{S) — > DM{S) factors through a canonical 
exact functor ips : DM^'"^ {S) -^ DM{S). Giving DM{S) the tensor structure 
described above, it is easy to see that Lps is a tensor functor. 
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7.3. Motives and smooth motives. For X G Sm/S, we have the presheaf U i-^ 

C^{X,0){U), giving us the object C^(X) in C'-iSh'S-^iS)). As C"^{X)^ = 7L%{X), 
we have the natural map 

Lx : 7L%{X) ^ C\X) 

Lemma 7.8. ix is an isomorphism in DM'' (S). 

Proof. Let Zg'{X)* be the complex which is Z^ (X) in each degree n < 0, and with 
differential d" : Z*^{X)" -^ Z*<r(X)"+i the identity if n is even and if n is odd. 
The projection Z^ (X x D") -^ l}g{X) gives a map of complexes 

7r:C"5(X)^Z*''(X)*. 

As Z*<r(X X D") -^ 'Zg{X) is an isomorphism in DM''^{S) for all n, it follows that 
■K is an isomorphism. Since -kl is a homotopy equivalence, l is an isomorphism as 
well. D 

Let G*g : C^ {Sh%^{S)) -> C(S'/iNis(5')) be the Godement resolution functor, 
with respect to 5'zar- Concretely, for JF e Sh^^^{S), G^{T) is the sheaf 

GU:F)(U):^1[T{U®sOs,s). 

sGS 

where we define TiU (E)s Os.s) as the limit of T(U ®s V), where V runs over 
the Zariski open neighborhoods of s in S. We have the natural transformation 
id -^ Gs induced by the inclusion T -^ G'gJ-'. Since T — > G*gJ- is a Zariski local 
weak equivalence, this map induces an isomorphism in D{Sh^^^). Thus, lemma 7.8 
gives 

Lemma 7.9. For each X G Sm/S , the composition 

I}^{X) ^ C^{X) -^ G*sG^{X) 

define an isomorphism ms{X) ^ G*gG^ {X) in DM" {S). 

Remark 7.10. Since S has finite KruU dimension, say d, Grothcndicck's theo- 
rem [11] tells us that S has Zariski cohomological dimension < d. Thus, for 
T G C~(5'/i^ig(5)), GsiJ-) is cohomologically bounded above. Therefore, the com- 
position of Gs with the quotient functor C{Sh'^^g{Sj) -^ D{Sh'^^^{S)) factors (up 
to natural isomorphism) through a modified Godement resolution 

Gs : G-{Sh'^.JS)) ^ D-{Sh%JS)). 

We now proceed to construct an exact functor 

PS ■■ SmMof^{S) -> DM'=^{S). 

For this, consider the presheaf of DG categories dgGor on S'zar 

U I— > dgCorjj. 

Recall that dgCorjj has objects X € Sm/U, and the full subcategory with objects 
X e Proj/C/ is our category dgPrGorjj. We have the "Godement extension" 
Rr{S, dgGor ) with objects X G Sm/S, containing Rr(S,dgPrCor ) as the full 
DG subcategory with objects X G Proj/S*. 

Take X G Sm/S. By construction, the presheaf on Sm/S of Hom-complexes 

U t-^ 'HomRY(S,dgCorAU,X)* 
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is just GgC^{X). Thus, for X,Y e Sm/S, the composition law in RT{S, dgCor J 
defines a natural map 

px.Y : nomRr(s,dgCorjiX,Yr ^ Homc(sh-j5))(GsC^(X), G^C^(r)). 

This defines for us the functor of DG categories 

p : RT{S, dgCor ^) ^ C{Sh%JS)). 

Applying the functor K^ and composing with the total complex functor 

Tot : X^(C(5/^L(5))) ^ K{Sh%,^{S)) 

and the quotient functor 

gives us the exact functor 

K^p) : K\RT{S, dgCor ^)) -, DM'=^{S) 

If we restrict to the fuU subcategory K^{RT{S, dgPrCor ^)) of K^ {RV {S , dgC or ^)) 
and extend canonically to the idempotent completion, we have defined an exact 
functor 

pf : SmMof^iS) -^ DM^'^iS). 
with pf{X) = G*gC^{X) for all X e Proj/S*. The natural isomorphism nisiX) -^ 
GgC^{X) in DM'^ (S) constructed in lemma 7.9 shows that the diagram 

Proj/S* )■ SmMof^{S) 

Ps 

commutes up to natural isomorphism. 

We note that p^**(L) = T**", hence the composition 

SmMof^iS) ^ DW^iS) ^ DM^-^{S) 

sends — (Xi L to the invertible endomorphism — ® T*^ on DM ~ (S), hence this 
composition factors through a canonical extension 

p|-w : SmMot{S) -^ DM^-'^iS). 

Let 

PS : SmMot{S) -^ DM{S). 

be the composition of p^~^ with the canonical functor DM^~^ {S) -^ DM(S). 

Remark 7.11. It is easy to check that the restriction of pg* to H^dgCorg is a tensor 
functor. By the surjectivity of the cycle class map (lemma 5.18) this shows that 
the composition 

pf o ?/;°ff : ChMof^{S) -^ DM^'^iS) 
is a tensor functor. Similarly, 

pso^: ChMot{S) -^ DM{S) 
is a tensor functor. 
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Theorem 7.12. Let X, Y, Z be in Proj/5, d = dimsY , and take A, B in DM{S). 
Then for every n G Z, there is a natural isomorphism 

liomjjj^joi^s){ms{X),ms{Y) (g) ms{Z)[n]) 

^ Hom^^^off(s)(m5(X) ® ms{Y),ms{Z) (g) Z{d)[2d + n]), 

and a natural isomorphism 

IiomDM{s)(A ms(Y) ® B[n]) ^ HomcM(s)(^ <» ms{Y), B ® Z{d)[2d + n]) 

Proof. Since Y G ChMot{S) has the dual (F^L"'', (5y , ey), it foUows that nis{Y) ^ 
psi^siY) has the dual {ms{Y)(-d)[-2dlps4>s{5Y),psi^s{.€Y)) in DM{S). This 
gives us the second isomorphism. For the first, we have the limited cancellation 
theorem (see theorem 7.5), giving isomorphisms 

Hom£,^^ctt(5)(ms(X),ms(y) ®ms(Z)[n]) 

'^YlouYDM(S){'>ns{X),ms{Y) ®ms{Z)[n]) 
Hom£,Moff(s)(ms(X) ®ms{Y),ms{Z) ® 'L{d)[2d + n]) 

^ Homj)M(s)(ms(^) ® ms{Y),m,s{Z) ® Z(d)[2d + n]). 

Thus, the duality in DM{S) yields the desired isomorphism of Hom-groups in 
DM^'^iS). D 

Corollary 7.13. The functors 

pf : SraMof^(S) -^ DM''^(S) 

PS : SmMot{S) -^ DM{S). 
are fully faithful embeddings. 

Proof. We give the proof for p°^\ the proof for ps is the same. 

Take X, F e Proj/5, let d = dimsF. By theorem 7.12, we have the duality 
isomorphism 

Hom£,Mott(5)(TOs(X),ms(r)[n]) = Hom£,Mett(5)(ms(X) ® ms{Y),I.*''{d)[2d + n]) 

As the construction of the duality isomorphism arises from the duality in ChMot{S) , 
the diagram 

Homs„jv^„toff(s)(X,r[n]) > Hom5„Mot"ff(5)(^ XsF,L'^[n]) 



pf 



Ps 



}lomjjM-«{s)i'm-s{X),ms(Y)[n]) -^ Hom^M"tt(5)(ms(X Xs Y),Z*'^{d)[2d + n]) 

commutes. But by theorem 7.5 and remark 7.6, we have 

HomcMe«(S) (ms (XxsY), Z*'^ (d) [2d + n] ) 

^Hom£,Mctf(fe)(mfc(p,X XsF),Z*'^(d)[2d + n]) 

^H^^+'^{p,XxsY,I.{d)). 
It is easy to check that the natural map 

H^^+'^ip^X XsY,'L{d))=H'^{C\U'){p.{X xgY)) 

= i/"(C^(L'^)(X XsF)) ^Hom^M<^«(5)(ms(X XsY)X^{d)[2d + n]) 
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inverts this isomorphism, from which it foUows that the composition 

jj2d+n^j^ xs r, Z{d)) ^ H"{C''ih'^))ip4X xsY)) = H"{C^{h'^){X xs Y)) 
-. Roms^Mof^«(S)iX XsY,h''[n]) ^ Hom^Me«(s)(ms(X XsY),Z'^d)[2d + n]) 

^Hom^M"«(fc)(mfc(p,X Xsy),Z*'^(d)[2d + n]) =i72'i+"(X XsY,Z{d)) 
is the identity. Therefore, 

pf : Hom5„Motetf(s)(^ XsY,h''[n]) ^ Hom^M"«(s)(ms(X XsY),Z'''{d)[2d + n]) 
is an isomorphism. D 

Definition 7.14. Let DTM(S') be the fuU triangulated subcategory oiDM{S) gen- 
erated by the Tate objects Z*g''(n), n e Z, and let DTM°^(S') be the fuU triangulated 
subcategory of DM° (S) generated by the Tate objects Zg'(n), n > 

As immediate consequence of corollary 7.13, we have 

Corollary 7.15. The restriction of ps to 

pTate . JJTMot{S) -^ DM{S) 

is a fully faithful embedding, giving an equivalence of DTMot{S) with DTM(5'). 
The version with Q- coefficients 

pj"'^ : DTMot{S)Q -^ DM{S)q 

defines an equivalence of DTMot{S)Q with DTM(S')q as tensor triangulated cate- 
gories. 

Similarly, we have the equivalences 

pcff Tate . j:,TMof^{S) -^ DTM°^(S') 
and 
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